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Matrepuaji HaXOJIUTCS B CTAIUH Pa3pabOTKM, MOYKET COJEPXKATh OIMMOKU W HETOYHOCTU. ABTOD

Oyzner OsaromapeH 3a JIIOOble 3aMeYaHUs U IIPE/JIOXKEHNs, HAlIPABJIEHHBIE 110 YKA3aHHOMY aJIpecy

1 T[lepBbiii cemunHap

Onp. 1.1. MmuoxkecrBo M ¢ 3ajjaHHOI HA HeM OHHAPHOI ollepaIiieii * Ha3bIBACTCS 2PYyn-
noti G =< M, * >, ec/iu BBIIOJHEHBI CJICAYIOIIHE aKCHOMBI:

1. acconmaruBrOCTH: Ya,b, c: (a*b) x c = ax (b*c).
2. cymiecTByeT eMHCTBEHHDIH €JIHHUIHBIN 3JIEMEHT €, TAKOH UTO € % T = T % € = .

3. JuIst JII060rO 3jIeMeHTa T CYIEeCTBYEeT DPOBHO OJHH OOPATHBIH JIEMEHT Y, TO €CTb
3JIEMEHT, JIJISI KOTOPOI'O T * Y = Y * T = €.

3ameuanne 1.1. O0a ycioBus €IMHCTBEHHOCTH SIBJIAIOTCH U30BITOUHBIMHU.

Ecmu nia nmapbl MHOXKeCTBO-OMHAPHAs ONEPAIMs BLIITOJHEHO TOJBKO TIEPBOE YCJIO-
BHE, TO TOBOPAT O NOAY2pYynne, a B CIydae BBIIOTHEHNUS ITEPBBIX ABYX — O MOHOME.

['pynma naspiBaeTcs abenes0l NN KOMMYMAMUSHOTU, €CTU T BCEX JIEMEHTOB a, b
uMeeT MecTo a x b = b x a.

[Ipumepst rpymm:

1. Z,Q, R, C ¢ omepamnueii cJI0KeHUs SIBJISIIOTCST aDEJIEBBIME DY TIIIAMA.

2. Q- {0},R—{0},C — {0} c omeparmeit ymuoxenus:, onmnako Z — {0} ne asisercs
I'PYUIION 10 YMHOXKEHUIO.

3. Ilpsmoe mpomsBejieHne TPyl — TOXKE TPYIIIIA.
4. Jluneiinoe MpocTPaHCTBO — TOXKE IPYIIIIA IO CJIOKEHUIO.

VYup. 1.1. Ilycrs G — rpyuma, JoKaXKuTe, 9To

EuHuanbIil 3/1eMEHT e IMHCTBEHHBI.

Jtst KaxK0ro 3JieMeHTa TPYIIIGI CYIEeCTBYeT €IMHCTBEHHDIN OOPATHBINH JIEMEHT.
6 / b byl=(b"1txat

Jutst ToOBIX 9JIEMEHTOB a U b uMeeT MecTo (a * = *xa~ ).

(aH~ ! =a.
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5. HMmeer mecTo 0600IMIEHHOE aCCOIMATUBHOE TTPABUIIO.
6. YpaBuenus ax = b u ya = b UMeIOT eIMHCTBEHHOE PEIIIEHUE.
['pynna G, B KoTopoit MHOKecTBO M KOHEYHO, HA3BIBACTCS KOHEUHOTU 2pynnoti, a
KOJIMYECTBO 3JIEMEHTOB B HEM — €€ nopﬂdnom.

IHopsadox s3memenTa a Tpymibl G — 9TO HAMMEHbIIee HATYPaIbHOE TUCTIO 1, TAKOE, ITO
2™ = e. Ecaim Takoro n He CyIIecTBYeT, TO TOBOPAT, UTO @ UMeeT OECKOHEUYHBIN MOPSIOK.

VYup. 1.2. 1. DjrleMeHT UMeET MOPSIJIOK OJIUH TOTJA U TOJHKO TOTJIA, KOTJa OH €IMHUIHBIH.
2. B aggutusabix rpymmnax Z, Q, R, C kaxkaplit He € IMHUIHBIN 9/IeMEHT UMeeT OECKOHEIHBIH TOPSIIO0K.

3. B mymsrummmkarusabix rpynmnax Q — {0}, R — {0} snemenrst —1 nmeer mopsiiok 2. Ocraibblie
9JIEMEHTDHI UMEIOT OECKOHEUHBLH OPSII0K.

4. (aH ' =a.
5. Hmeer mecTo 0600IIIEHHOE aCCOIMATUBHOE TTPABUIIO.

6. YpaBuenus ax = b u ya = b UMeIOT eIMHCTBEHHOE PEIIEHUE.
VYup. 1.3. MoryT Jiu y KOHEYHOI I'PYIIIBI OBITH 3JIEMEHTHI OECKOHEYHOTO MOPSIKA !

Sadukcupyem HEKOTOpoe MojaMHOKecTBO H 3nementos rpymmbl G. Eciu ono Bmecte ¢
buHapHoii onepamnueii rpynnsl G o6pasyer rpyiiy, To rpyimna H HasbiBaeTcsa nodzpynnot
epynnu. G. Obosnauenune H < G.

Teopema 1.1 (Kpurepuit llogrpynnst). H C G spisercs noarpynmoii rpymisl G
TOIyIa U TOJILKO TOIJIA, KOIJa

1. H#0)
2. 15 JIIOOBIX JIBYX 9JIEMEHTOB a U b mMeeT MecTO BKJIIOUCHHE ab™' € H.

Ilpwu sTom, ecotn H KoHedHa, TO JJOCTATOYHO HPOBEPUTH JIUIIH 3aMKHYTOCTH OTHOCHTE/IHHO
VMHO>KCHHS.

Teopema 1.2 (Teopema Jlarpanxka). Ilops/iok moarpynisl KOHEYHOI TPYIIIBL J€JTHT
ee MOpPSI/IOK.

CpaBrennus 1o Mojy/t0. 3amuch a = b (mod n) o3HadaeT, 9TO Yucaa ¢ U b Jaf0T OJUH U

TOT 2K€ OCTaTOK IIpu JeJIeHUNU Ha YUCJIO 7. B TaKOM CJIy4dae IroBop4dT, 9TO a U b CpaBHUMBI

110 MOJIYJTIO 1. DKBUBaJIeHTHast (pOPMYIUPOBKa a — b = kn Jijist HEKOTOPOT'O TIeJIor0 k.
CpaBuenue 110 MO0 00J1aJIaeT CBOMCTBAMMU:

1. pegaexcusnocmu a = a (mod n).
2. cummempuurnocmu a = b (mod n) Breder b = a (mod n).

3. mpansumusnocmu a = b (mod n) u b = c (mod n) Breder a = ¢ (mod n).

Jlannoe orHoIIeHnEe pa3buBaeT Bce Z Ha KJacCHhI.

Vop. 1.4. Haitnure asa mociaemnux 3uHaxa gmcia 21000,



Bazkueitmmme 110 HAC MOHSTHS /ISl TEABIX UUCET — JIe/IeHIe ¢ OCTATKOM U OIpeJIe/IeHIe
HaMOOJILIIETO ODIIEro IEJIUTEJI.

Anzopumm Eexauda. llycrs myxuo maiitn HO/(a, b). Ilogeaum a va b moayaum B
ocTaTKe 4ucio r1. Tenepb mojesimM b Ha 71 TOJYIUM YUCTO 7y . U Tak majiee, mocyie THUI
HEHYJIeBO#l ocTaToK OyjeT HamOOJILITUM oOIIuM JjietuTresieM. CrieicTBUEeM JAHHOTO aJIro-
puTMa dBjsieTcs JemMa Besy.

2 BTopoin cemuHap

MHOo>KecTBO KJ1acCcoB, Ha KOTOPBIE Z pa3dUBaeTCsI ¢ IIOMOIILIO OTHOIIEHUS CPaBHEHUS
[0 MOJLYJIIO M Ha3bIBAETCs Ha3bIBAIOTCH Kiaccamu BbrderoB. Obosnavenne Z/nZ. Jlerko
OIIPEJIEJIUTD CJIOJKEHHE U yMHOXKeHne Ha Kiaccax. Obo3HadeHne Kiracca U ero Ipo

Yup. 2.1. Jloka3aTb, 9TO KJIACCHI BBIUETOB I10 CJOKEHUIO 00pa3yroT abeeBy TpyIIy.

Yup. 2.2. Jlokasarb, 4TO MHOXKECTBO OOPATUMBIX JieMeHTOB Z/nZ (obosnauenue (Z/nZ)*) obpasy-
eT I'PyIIly 10 YMHOXKEHWIO M COCTOUT M3 TeX KJIACCOB, IIPEICTABUTENN KOTOPBIX COCTOAT U3 JEMEHTOB
B3aUMHO TIPOCTBIX C 7.

Oyuknusa ¢ : N — Z, craBdiee B COOTBETCTBUE KaXKJOMY 7 YHUCJIO HATYpPaJIbHBIX
YHCEJI, MEHBIIUX 7 ¥ B3aWUMHO IIPOCTBIX ¢ HUM, Ha3bIBaeTca PYHKIMEN Ditaepa.

VYrB. 2.1. Iopsnok rpymibt (Z/nZ.)* paser p(n).
Teopema 2.2 (Teopema Diinepa). /151 B3aUMHO IIPOCTBIX G U M.
a?™ =1 (mod n)

JlokazaTejbCcTBO.

Pacemorpum rpyniy (Z/nZ)*, ee mopsaiok paBeH ¢(n), a MOpsijioK JIIOOOT0 3JeMeHTa
B KOHEUHOIH rpyIime jeauT nopsiyiok rpynibsl. CrenosaresnbHo, moboit snement (Z/nZ)* B
crenenu p(n) saBiasgercs e uHUIHbIM. OCTAIOCh BCIOMHUTH CTPYKTYDY (Z/nZ)*. [

OueBuaHbIM ciejcTBUeM aBigerca Masas Teopema Pepma
Teopema 2.3 (manas teopema @epma). st a # 0, st IPOCTHIX P
a’? =a (mod p)

VYrB. 2.4. Ilycrs p — npocroe guco. Topsiiok rpymier (Z/pZ)* pased p— 1 u cocrour
"3 BCex KJaccoB 7./ pZ, KpoMe KJIacca HyJIs.

Yup. 2.3. Pemwmrs ypasuenue 21z = 13 (mod 34).

Jocratouno nokasarh, 4ro Kjacc 21 obparum B rpyime Zj,. JTO JEHCTBATEIBHO
TaK, rmoromy 4to unciaa 34 u 21 Bzammuo npoctel. Ocrasioch HaiiTi, oOpaTHbIil K 21 31e-
Ment. M3 Teopembr Ditnepa Takum sjementoM Oymer kiace 2196971 Ocranocs maiitu
21 (mod 34). Oxasbiaercs, uro 212 = —1 (mod 34). B pesyabrar pemenne z = 132
(mod 34), To ectb, x = 33 (mod 34)

['pynma HazbIBaeTCs IMUKIMYECKON, €CTM BCE ee dJIEMEHTHI SABJILIOTCH CTeleHs MU
KaKOI'o-TO OJ[HOro djieMenTa. [{ukimaeckne rpynmbl U3 n jaeMeHToB oboznavdaorcesa O, .



JIerko MmoHaTh, YTO IUKJIWYEeCKas I'pYyIlia, Y KOTOPOWl HUKAKWe CTEleHU He COBIIa-
JIAIOT €CTECTBEHHBIM 00PA30M OTOXKJIECTBJIAECTCA C & IIMTUBHOM rpynmoit Z. Takke jierko
[IOKAa3aTh, YTO €CJIU TMOPOKIAIONINI SJIEMEHT G UMEET MOPSI0K 7, TO €CTh MUHUMAJIbHOE
HaTypaJbHOE YNCIIO, TTPU BO3BEJEHUHN B KOTOPOE @ IMOJIydaeTCs eIWHWIHBIA 3JIEMEHT, TO
BCE 3JIEMEHTBI IPYIIIBI IPEJICTaBIAI0TCA HePeInuCIsiorTcsd e, a, a?, . .., a" !

Teopema 2.5. Bcsikast moarpyiiia [UKJIHIeCKOH T'PYIIIbI [THKIXIECKAas.

Yup. 2.4. DBrIsicHUTBE KaKue OATPYIIBI €CThb Y Z.

Y1B. 2.6. Ilycrs G mopoxkaerna semenToM a. Tora,

e ccu G — GecKoHedHas, TO OHA MOYKET OBITH IIOPOKJICHA TOJBKO @ HJIH G '

o ccau (G KoHeYHasT H HMEET IIOpPAJIOK N, TO OHAa IIOPO2KJ/ICHAa BCEMH dJIeMeHTaMHn ak

TaKUMH, 9TO a¥ B3amMHO IIPOCTO ¢ N U TOJBKO HMIL.
JlokazaTejbCcTBO.

JlokazarebCcTBO 1epBoro (pakTa oueBmIHO. /JloKazaTerbeTBO BTOPOro (hakTa 3aK.I0-
JaeTcsd B HAOJIIOJEHUH TOTO, UTO CTEIIEHH OPOXKIAIOIIIX 3JIEMEHTOB caMu 110 cebe obpasy-
0T IUKJIMIECKYo Ipytiy. [Ipumdaem ee mops1ok paBeH MOPSIAKY JAHHOTO dj1eMeHTa. Takmm
06pa30M, JIsl IOPOZKICHIS HEOOXOIUMO 1 JOCTATOUHO, YTOOBI IIOPSIOK d/1eMeHTa a pas-
Hasics n. s sToro jokaxkeM, 9To af B KOHEUHOI IMKIMYECKO IPYIIe UMeeT IOPsI0K
n/(n,k). Hyers (n,k) = d, Torma n = db,k = dc u (b,c) = 1. Jlokaxkem, uto (a*)°
JlelicTBUTEIBHO,

= €.

Takum o6pazoM, HOpAIoK saementa a® memur b. Ilycrs on pasen s, Torna b = st u a** =
= e. Takum obpazom n|ks mwiu db|des, a 13 B3auMHOI TPOCTOTHI TTosTydaeM, ato b|s. Takum
06pa30M, MOPSIJIOK JIeHCTBUTEbHO paBeH n/(n, k). [

Dnement a € (Z/pZ)* Ha3bIBAETCS KBAIPATUIHBIM BBIYETOM, €CJIU CYIIECTBYET

KJIacc, Takoii, uro b? = a.

¥Y1B. 2.7. DBcero cymecrByer p%l KBa/IpATUYHBIX BBIYETOB IO MOJYJIIO P.

JlokazareabcTBO.
-1 1 —1 p+1
Banmmiem Bce 3jeMeHTH B Buje {—25=, —’%, ..., B2, B2} Ouesnano, 4ro KBaj-
paThl MPOTHUBOIIOJIOKEHHBIX 110 3HAKaM KJaccoB coBnaaaioT. O JHOBPEMEHHO, I Pa3HbIX
[0 MOJLYJIIO BBIPazKeHUI pe3ysIbTaThl He COBIIAJIAIOT. ]

VYuop. 2.5. BcnoMHATH, 9TO Takoe TPyIia HOACTAHOBOK ([IEPECTAHOBOK), PA3JIOXKEHUE B IUKJIBI, YET-
HOCTb U HEYETHOCTH IIOJCTAHOBOK U UX CBOICTBA.

Yup. 2.6. Jlokazarh, 9T0 B Sg HET 3JIEMEHTOB IOPsiKa H6.



3 Tpertnini cemunHap

VYuop. 3.1. Kourposnbuas na 30 MunyT.

Omnp. 3.1. Tomomopcuszm — 310 orobpaxkerune ¢ rpymi < G, >—< H, X >, Koropoe
COXpaHSIET I'PYIIIOBYIO OIIE€PAIHUIO:

plexy) = p(r) X p(y), v,y € G.
Omnp. 3.2. BzaumMoogHO3HATHBIH TOMOMOP(MU3M — H30MOPPHU3M.

Yup. 3.2. Uzomopdusr au

(R,4) u (R4, x) (Ha, ¢ momompio orobpazkenus £ — exp(x).)

(R,+) u (Q,+) (Her, Tak Kax 1esible u JefiCTBUTEIbHBIE YNCJIA He PABHOMOIIHBI. )

S3 u Z/6Z (Het, Tak Kak oima abejieBa, a aApyras HET.)

(Z,+) n (Q,+) (or mporusHOTO: IycTH (1) = @, Torma p(1/2) = b, wo b+ b = a, 3HauwUT a = 2b.
Iponomkaem Tak ke st 1/4 moka He mpujieM K HEIETHOMY 00pasy.)

Vop. 3.3. ljng Kaxux rpymn oTobpaxkeHue B cebs, 3aJaHHOE T — T '
(OueBugno, uTo st AGEJIEBBIX U TOJBKO JIJI HUX)

, SIBJISIETCsI TOMOMOP(HU3MOM.

Fomomopduzmbl ipon3BoOIbHBIX abesteBbix rpymnn G, H camm obpasyior abeseBy
IpyMIy roMoMopdu3MOB, KOTOPYTo MbI 6yjiem obo3uadars HOM (G, H). Epunuaabiv site-
MEHTOM SIBJII€TCSI TOMOMOP(U3M, EPEBOISIIII BCE 9JIeMEHThI B € IMHUYHBIMN, & CJIOYKEHIE
rOMOMOP(U3MOB OIPEJIEJIEHO ©1 + o @ & — p1(x) + Yo(T).

VYup. 3.4. Beckoneuynasi nukiundeckas rpyuna uzomopdua (Z,+), a konednas uzomopdua Z/nZ, rue
7, — TOPSIJOK HOPOXKJIAIOIIEro JJIEMEHTA.

Omnp. 3.3. Apromoppusm — mzomophusm, 0TOOpaKaroIIHii TPYIIILY Ha CeOsI.

Vop. 3.5. JloxasaTb, 4TO B 00O IPYIIE SJIEMEHTE & U 4~ 'Y UMEIOT OJUH U TOT YKe HOPSAIOK.
Permenne cocrouT B HOHMMAHUM TOIO, UTO & — y_la:y SBJISIETCST ABTOMOPMU3MOM (TaK
Ha3bIBAeMBbIl 6Hympennull asmomoppusm). I aBromopdusm coxpaHsieT MOPSJIKU dJie-
MEHTOB.

Yap. 3.6. zsomopdusr au Cg X Cy u Cy X Cy.

He uzomMopdubl Tak Kak B IEPBOii IPYIIIE €CTh 3JIEMEHT MOPgIKa 8, a BO BTOPOW TaKOro
HET.

VYup. 3.7. Onummre Bce romomopdusmbl rpyun Z/8Z 8 Z/6Z.

Z,/87 nukimaeckast rpymmna. [oMoMopdHbIit 06pa3 MUKIMIECKO IPYIIIBI — IIHKJITIECKAsT
rpymma. flcHo, 910 roMOMOPGhU3M B ITOM CJIydae ONpeje/sercs 00pa3soM eJIuHUIIbI, TO
ectb sstemenToM (1), Takxke sicro, ¥To MOpsAnoK (1) gaemur nopsinok 1 € Z/87Z wn of-
HOBPEMEHHO OH JIOJIZKEH JIJIUTh 6 Tak Kak sB/sgercs siemeHToM Z/6Z. Taxkum obpasom,
nopsiZiok (1) moxker ObITh paBeH 1 wim 2. Takum o6pasoMm Bcero jBa roMoMopdusma

¢(1) =0m (1) =3.

VYup. 3.8. Mozxker jiu romomopdusm Csg B Con 00J18/1aTh TEM CBOHCTBOM, UTO 00pa3 IMOPOKIAIOIIErO
3JIEMEHTA [IEPBOIl IPYIIA MEPEXOINUT B KBAJIPAT MOPOKIAIOIIEr0 3JIEMEHTa BTOPOI I'PYIIIIbI!



[epexomum k pacemorpenuto Z/367Z u 7Z/20Z w nojgydaeM TPOTHBOPEUHE C IIOPSJIKOM
obpa3a, Tak Kak 36 He JieJiuTCA Ha .

Yup. 3.9. Jlokazarb, 4TO TIpynma aBTOMOPMU3IMOB IMUKJIUIECKONH TI'pynnbl adesieBa. Haiitu mopsmox
IPYIIBI aBTOMOPMU3MOB IIMKIMIECKOH I'PYIIIbI opsiaka 12. fABisieTcs jin 3Ta TpyIina MUKJITIeCKOn?

AbesieBoCTh citelyeT u3 OOINEro yTBEPXKIeHUsI, 3aK/II0YAIOIIErocsi B TOM, 9TO MHOXKECTBO
romoMophu3MoB abesieBoil rpymibsl 00pa3yoT IpyIily 1o cjiaoxkenuio. lajee monumaem,
YTO MIPU aBTOMOP(QU3ME ITOPOKIAIOIINIT JIEMEHT JIOJI?KEH TIePEXOIUTh B TOPOZK TAIOIIHI.

VYup. 3.10. CkoJibko noarpyi, usoMopdubix Cy, comepxurcs B Cro X Chg?

VrB. 3.1 (Teopema Kasmm). Besikast rpynna nopsigka n u30MopghHa HEKOTOPOH Mo
rpyiire CuMMETPHIECKOH I'PYIIIBI Sy, .

Paccmorpum 151 KaxkJioro sjaeMeHTa a omnepanuio L, : xr — ax. JIerko jiokasarb, 9TO
OHA ITePeCTaBJIAET IJEMEHTHI TPYIIILL. TakuM 00pa3oM, KarxKI0MY JIEMEHTY COIIOCTAB/Is-
eTcsi HeKOTopasl TIepeCTaHOBKa. Terepb HyKHO IMOCTPOUTH M30MOPGU3M MEXK Iy T'PYIIIOit
U Pa3InIHbIMU L., BBEJsI Ha HUX I'PYIIIOBYIO OMEPAIIIO OYEBUIHBIM 00PA30M.
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