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1. HAXOXJIEHUE KOPHEW YPABHEHUH

BBenenue

Omaum w3 Hamboyee pacHpOCTPAaHEHHBIX METOJIOB TOWCKA KOpHEH
ypaBHEHHUH siBisieTcs memoo Hotomona v ero moaudukanuu. [1ycts Tpely-
eTcs pemuTh ypaBHeHue f(x)=0. byaem cuutars, 4TO X SBISETCS PEIICHUEM

ypaBHeHUs. Paznoxum GyHKIHUIO f(X) B psAI B TOUKE X(, OJU3KOM K TOUKE X,
¥ OTPaHUYHMMCS TOJBKO MIEPBBIMU JBYMsI YJIEHAMU Pa3JI0KECHUS:

f(x)= f(xp)+ f(xp)(x—x0) +...

[TockonbKy x— KopeHb ypaBHeHUs, TO f(x)=0. CnegoBaTenbHoO,

S (xp)
0 "
S '(x0)

TakuMm 00pa3oM, €ClIM HaM U3BECTHO NPHMOIMKEHHOE 3HAUEHUE KOPHS
ypaBHeHI/IH, TO HOqueHHOC ypaBHeHHe ITIO3BOJIACT €O YTOLIHI/ITB. HOHHTHO,
qTo HpOHeCC YTOLIHGHI/IH MOKHO HOBTOpHTB MHOFOKpaTHO, 0 TEX HOp, TIOKa
3HaYeHHe (PyHKIUM He OyIyT OTJIMYATLCS OT HyJS Ha BEIMYHMHY MEHBIIYIO,

4eM 3aJlaHHas TOYHOCTh Moucka. OuepenHoe k-¢ MpHOIMKEHUE HaXOIUTCS
o gopmyiie

~

S (x)
, :
7(x,)

OrpaHUYuBIIKCH B PA3JI0KEHUH TOJIBKO MEPBBIMU JBYMS YJICHAMH, MbI
dakTrueckn 3aMeHWIM (GYHKIHUIO f(x) Ha TOpSIMYIO JUHUIO, KacaTeIbHYIO
B TOYKE X(, MOATOMY MeTo HbI0TOHA ellle Ha3bIBalOT METOIOM KacaTeIbHBIX.
Jlanexo He Bcernia ObIBaeT yJJ00HO HAXOUTh AHATUTHYECKOE BBIPAKEHUE IS
npou3BoAHON (yHKIMHA. OJHAKO B 3TOM U HET 0CO00H HEOOXOIUMOCTH; TIO-
CKOJIbKY Ha Ka)XJIOM IIIare MbI MOJTYy4YaeM HpubIudiceHHoe 3HaUYCHUE KOPHS,

MOXKHO JIJISL €TO BBIYMCIICHUS HCIIOIb30BaTh NpubiudiceHHoe 3HaUYCHHE IPO-
U3BOJHOM:

X+l =Xk —

e tim LEHAD S (@) G4 A (@)
Ax—0 Ax Ax

B kayecTBe Mol BEMWYMHBI AX MOXKHO B3SITh, HAIPUMED, 3aJaHHYIO
TOYHOCTb BBIYMCIIEHUH €, TOTAa pacueTHas (opmysia IpUMET BUA

DACTII (0.1)
SO +e)— f(xg)

4

X+1 =Xk —
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C npyroit cTOpOHBI, AJIsI BBIYUCIECHUS IPOU3BOJIHON MOMXKHO BOCHOJIB30-
BaThCS 3HAYCHUSAMU (HYHKIIMH, TOJTYYSHHBIMH HA IBYX MPEIbIAYIINX Iarax,

AC G A C L S A G 0.2)
SOo)=fOg)  fOg) = ()
B TtakoM BH€ METO/ HA3BIBACTCSA MemO0OM ceKyuyux (secant method).

[Ipu 3TOM, OJIHaKO, BOZHHKAET MpoOsieMa C BHIYMCICHUEM MEPBOrO MPUOIIH-
xKeHnsA. OOBIYHO II0JAraroT, YTO X| =Xy +€, TO €CTh IEPBBIA IIAr BBIYHUCIIC-

X1 =X

HUH MPOBOJUTCS ¢ UcIoiab3oBanueM Gopmyisl (0.1), a Bce mocneayromue —
c crionb3oBaHueM (opmyisl (0.2). IMeHHO 3Ta BRIYMCIUTEIbHAS CXeMa pea-
nu3oBaHa B nakete MathCAD. Vicnone3ys METOJl CEKYIIHX, MBI HE MOYKEM
rapaHTHUPOBATh, YTO KOPEHb HAXOTUTCS MEXKAY ABYMS MOCICIHUMH MPHOIH-
XKEHUSAMU. MOXKHO, OJTHAKO, JIJISl BBIYUCIICHUS] OY€PETHOTO MPUOIMKEHUS HC-
M0JIb30BaTh TPaHUIIbl HHTEPBAJIA, HA KOTOPOM (YHKLHS MEHSET 3HaK. Takoi
METOJ] Ha3bIBaeTCsl Memooom xopo (false position method).

Wnest mMetona ceKyuMx pas3BuBaeTcs B memode Mionnepa. OnHako
B 3TOM METOJE JJIsl HAaXOXACHHUS OYEPETHOTO MPUOIMKEHUS HCIOJb3YIOTCA
TP NpeAblAyLe TOYKU. MHBIMU cl0BaMM, METOJ HCIOJB3YyeT HE JIMHEH-
HYI0, a KBaJpPaTUUHYIO0 HHTepHnossinuio GyHKkuuu. PacuetHsie popmynbl Me-
TOJIa CIIE/IyIOIIHe

g= X ~ X1 ;
Xj—1 — X2
A=qf (x;)—q(1+q) f () + 4% f (X323 (0.3)

B=Q2q+1) f(x;)—1+9)? f (x_1)+q> f (x;2);
C=(+q)f (x);

2C
B+ B2—44C

Xper1 =X — (X —Xp_1) (0.4)

3HaK Tepen KOpHEM BbIOMpaeTcs Tak, 4yTOObl aOCOJIOTHOE 3HAYCHUE
3HaMeHaTels ObUI0 MaKCUMAaJIbHBIM.

[TockonbKy TOHMCK KOpPHS 3aKaHYMBAETCS, KOT/A BBIOJHHUTCS YCJIO-
BHUE | S (x +1)|S8 , TO BOBMOXXKHO TIOSIBIICHUE JIOKHBIX KOpHeW. Hampumep, s

ypaBHenus x2+0,0001=0 noxublii KopeHb x=0 MOABUTCS B TOM Ciyyae,

€CJIM TOYHOCTh MouckKa 3ajana menbme, ueM 0,0001. YBenumuuBass TOYHOCTH
MOMCKa, MOYKHO M30aBUTHCS OT JIOKHBIX KopHed. OHaKko He I BCeX ypaB-

! [onyuute 3T (HOPMYJIBI CAMOCTOSTEIBHO MO AHAJIOTHH C METOIOM HbIOTOHA, OCTABUB B Pa3jIOKCHUH
Teinopa nepBbie TPH clIaraeMbix.
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. . 1
HEHUHU Tako¥ moaxoj padotaer. Hampumep, mist ypaBuenus —=0, koTopoe,
X

OUYEBMJIHO, HE MMEET JCUCTBUTENIbHBIX KOPHEW, IS JIF0OOM, CKOIb YTOJHO
MaJioll TOYHOCTH HANAETCS 3HAaYEHHE X, YIOBJIETBOPSIONIEE KPUTEPUIO OKOH-
yaHusi noucka. [IpuBeneHHbIE MpUMEpPbl MOKAa3bIBAIOT, YTO K PE3yJbTaTam
KOMIIBIOTEPHBIX BBIYHMCICHUN BCErJa HY>KHO OTHOCHTBhCS KPUTHYECKH, aHa-
JU3UPOBATH WX HA MPABAONOA00HOCTh. UTOOBI M30€kKaTh «ITOJBOAHBIX KaM-
HEW» TPU HWCIONB30BAHUU JIOOOTO CTaHAAPTHOTO TMAKETa, PEATM3YIOIIETO
YUCJIEHHBIE METOJIbl, HY’)KHO UMETh XOTsI Obl MUHUMAJIbHOE MPEICTaBICHUE
0 TOM, KaKOW MMEHHO YMCIICHHBIM METO/] peain30BaH JJisl pelIeHUs] TONH WM
WHOU 3aJa4H.

B ToMm ciyuae, koryia u3BeCTeH MHTEPBAJ, HA KOTOPOM PACHOJIOKEH KO-
pEHb, MOXXHO BOCIOJIb30BAaThCS MHBIMU METOJAMU HAXOXKICHUS PEIICHUS
ypaBHEHHUSI.

B memooe Puooepa (Ridder’s method) BeIuucIsOT 3HaUeHUE PYHKIIUN
B CepeluHe MHTepBama x3=(X,—x;)/2. 3aTeM HIIyT SKCIOHCHIUATBHYIO

dynkimo Takyio, uto f(x)—2f(x3)e€ + f(x,)e?€ =0. 3areM NpUMEHAIOT
METOJ[ XOpA, Ucronb3ys 3uadenus f(x)), f(x3)e?, f(x;)e?C. Ouepentoe
3HAYCHHE BBIYUCIISIOT 0 GOpMyJIe

sign(f(xl)_f(xz))f(x3) .
\/f(X3)2 = f(x) f(xp)

X4 :.X3+(X3 —Xl) (05)

Memoo bpenma (Brent method) coequnsier 6picTpoTy MeTona Punnepa
Y FapaHTUPOBAHHYIO CXOJIMMOCTh METO/A ACJICHUS OTpe3Ka momnouam. Meron
UCIIOJIB3YET OOpaTHYIO KBAJPATUYHYIO MHTEPIOJSIIIUIO, TO €CTh MIIET X KaK
KBaIpaTUIHYyI0 QyHKIHIO y. Ha Kamom 1miare mpoBepsieTcst JTIOKaTU3arus Kop-
Hs1. DOPMYIIBI METO/Ia TOCTATOYHO TPOMO3/IKH U MBI HE OyJIeM UX TIPUBOJTUTb.

Oco0Obie METOJIbI MPUMEHSIIOT JUIsl TIOMCKAa KOpHEW mojuHoMa. B atom
clydae MOTYT ObITh HaiifieHbl Bce KOpHU. [locime Toro kak oauH U3 KOpHEH
MOJIMHOMA HaWJIeH, CTETeHb MOJIMHOMA MOXET OBITh MOHM)KEHA, TOCII€ Yero
MOUCK KOPHS TOBTOPSAETCS.

Memoo Jlazeppa (Laguerre’s method) oCHOBBIBAETCS Ha CIEIYIOIMINX
COOTHOIICHUSIX /ISl TOJTMHOMOB:

P (0= (= 5)(x—23)...(x=x,);

1n|Pn(x)| :ln|x—x1|+ln|x—x2|...1n|x—xn

b
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dinfpe] 1,11 R
dx X=X XxX—xp, x—x, P,
2
R0 1 L] L 5 R
a2 (x-x)? (x-x)? (x-x,)2 \B,) B

[IpeanonararoT, YTO KOPEHb X HAXOAUTCS HA PACCTOSHUHU @ OT TCKYIIIe-
ro IpUOJIMKEHUS, B TO BPeMs KaK BCE IPyrue KOPHU HAXOJATCS Ha PacCcTOs-
HUM b: x—xy=a; x—x;=b,ecimi=2, 3,...,n. Torna

a b

1 n-1

PR
n

a

=GiJm—DmH—G%'

3HaK mepe] KOpHEM BBIOMPAIOT ¢ TaKUM PacdyeToM, YTOOBI IMOJTYYUTh
HauOOJIbIIICE 3HAUCHUE 3HAMEHATE]IS.

Eme oauH Meron, KOTOpPBIM NPUMEHSIOT JJIsI HOMCKA KOPHEW IOJIMHO-
MOB, — MeH00 COnpogoycoarouieii mampuysvt (companion matrix). MoxHo
JI0Ka3aTh, YTO MaTPUIIA

_1 _4p2 49 Y
ay ay ay n
1 0 0 0
A= ,
0 1 0 0
0 0 1 0

n
Ha3bIBacMas COIPOBOXAAIOIIECH MaTpUIEH Ui MOJMHOMA P(x)= Zaix’ ,
i=0

uMeeT COOCTBEHHbBIC 3HAYEHUS, PaBHbIE KOPHSAM MOJIMHOMA. HamomMHuM, 4to
COOCTBEHHBIMU 3HAYCHHSIMU MATPUIIhI HA3BIBAIOTCA TAKUE YHCIA, JJISI KOTO-
PBIX BBINONHSAETCS paBeHCTBO Ax=Ax mian P(x)=det(A—-Al)=0. Cymecr-
BYIOT BecbMa d(PGEeKTUBHBIE METOJbI IMOHUCKAa COOCTBEHHBIX 3HAUCHHI,
0 HEKOTOPBIX M3 HUX MBI OyJeM TOBOPHUTH Janee. Takum oOpa3om, 3amady
MOWCKa KOPHEW TMOJMHOMAa MOXHO CBECTH K 3a/laue MOMCKa COOCTBEHHBIX
3HAUYECHUN COMPOBOXKIAIONIEH MATPHIIBI.
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1.1. @y UMY NPOU3BOJIBLHOIO0 BUAA
Haiinem nynu pyHkimm
cos(x)
(x+ 5)°

Ha uHTEpBANIE X = [—2, 7], ucnonb3ys MathCAD.
N300pazum cHauana GyHKIUIO Ha rpaduke:

X =-2,-195 .. 7

fx) =

0.05

/’_\

fix) 0 AN -

2 1 0 1 2 3 4 5 6 7 8

X

Ha 3aganHoM mHTEpBasie PyHKIMS TpU pasa oOpamaercs B Hysib. Ompe-
JeNuM Hynu (yHKIUH, HCIONb3Yysl BCTPOCHHYIO (yHKUUIO root (f(x), x).
[TepBblit aprymMeHT — QYHKIHS, HYJIb KOTOPOH HEOOXOIUMO HAWUTH, 6MOPOI —
nepeMeHHasi, KOTOpyr HeoOXxoaumo BapeupoBaTh. (BooOiie rosops, GpyHK-
uus f MOXKET ObITh (PYHKIIMEH MHOTHX MEPEMEHHBIX U HEOOXOJUMO YKa3bl-
BaTh, 0 KaKOW MMEHHO MEPEeMEHHON MBI HilleM HyJb QyHkiuu.) Kpome To-
ro, HeOOXOAUMO 3alaTh HayalbHOE MPHUOJIMKEHUE MOUCKA. TOYHOCTH BBI-
yucieHui 3anaercs BcrpoeHHor nepeMenHoil TOL. Ilo ymonuanuto ee 3Ha-
yenue paBHo 0.001. DTo 3HAaYEeHHWE MOXKHO HM3MEHUTH JIMOO uYepe3 MEHIO

Math/Built—In Variables wnu HENOCPEACTBEHHO B TEKCTE JAOKYMEHTA:
9

TOL =10 .
3ajaeM HavajabHOE MPUONIKEeHHE: X~ - 1. BhiunciseM KopeHb
root (f(x),x) = —157079632

KOMIJEKT 3JIEKTPOHHbIX
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Ecau tpeOyeTcs HalTH HECKOJbKO KOpPHEM, KaKk B HallleW 3agade, TO
UMEET CMBICIT OTIPENIETUTh HOBYIO (DyHKIIUIO:

r(x) = root(f(x),x)
®ynkuusa r (x) BO3BpaIaeT OmmKaiiiee Kk x” 3HAYEHHE KOPHS, TO €CTh

Ha4dYaJIbHOC HpI/I6J'II/I)KeHI/Ie MBI 3agacM 4YCpC3 aprymMcCcHT Q)YHKHI/IH 3aaaeM
BCKTOP Ha4daJIbHBIX HpPI6J'IPI)KCHPIﬁ X W HaXOJHUM COOTBCTCTBYIOIONUC MM KOP-

HHU X:
i=0.2 Xii—r<xi>
X —
! X,
1
-1 - 1.570796327
1 1.570796327
4 4712388981

JInst naHHOTO TpUMepa KOPHU JIETKO MOTYT OBITh HAaWJICHBI aHAIUTHYE-
CkH. [lonmy4yeHHBIN YMCIEHHBIM PE3YABTAT C 3aJAHHOM TOYHOCTBIO COBITAIAET
C TOYHBIM PEIICHUEM.

Omnpenenenre HOBOM (DYHKITMH 11€J€CO00pa3HO M B TOM cllydae, Koraa
MBI XOTUM HCCIIEIOBATh 3aBUCHMOCTh pellieHUs OT napametpa. [Iyctb GpyHk-
IUs1 3aBHCHT OT TIapameTpa a:

cos (a-x) <
(x+5)°

[lepBblil apryMeHT pyHKUMHU z 33JaeT 3HAYEHHUE MapameTpa, BTOPOMl —
HavyaJlbHOE MpuOIkeHue. Haliiem KOpHM ypaBHEHUS MPU 3HAYEHUSX Mapa-

z(a,Xx) = root

merpa | u 2:
z(1,1) = 1571
z (2,1 ) = 1078

Ecan MBI XO0THM IMMOJIYYHTD KOMIIICKCHBIHN KOpPCHbL, TO HA4YaJIbHOC IIpHU-
OMKeHue CJIICAyECT 3a4aBaTb KOMIIJIICKCHBIM:

-9

z(i ,i ) = 7459 <10 ~ + 1.571i

2K COXaJICHUIO, 3TO HEe Bcera Tak. Eciu HauanpHOe NPHOIIMKEHNEe BBIOPAHO HEYJ]AYHO M 3HAYEHHE MPOU3-
BOJIHO# B 3TO# TOYKe OJIM3KO K HYJIIO, TO, BOOOIIIE rOBOPSI, HAMJEHHBIN KOPEHb MOXKET ObITh HE OJIMKANUIINM
K HauyaJIbHOMY MPHOJIMKCHUIO. B KauecTBe mpuMepa perinTe caMOCTOSITEIBHO 3a/1auy [MOUCKa KOPHS ypaB-
T T
= . UeMm OmmKe K =

2 2

nenus SIN(X)=0 ppiGpaB B KauecTBe HAYAILHOTO MPHOIMKEHUS YUCIIO, OIIM3KOE K Oy-

JIET BBIOpaHHOE 3HAYEHHUE, TeM OoJjiee Janekuii oT 0 KOpeHb MbI Oy/IEM MOTyYaTh.
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1.2. Haxox/1eHue KOpHeil NOJIMHOMOB

JUI HaxOoXKIEHWsI KOpHEH IOJIMHOMOB MMEETCS BCTPOECHHAsT (YHKIUS
polyroots(a). AprymMeHTOM (DYHKIIUU SIBISETCS BEKTOP KOOI UIIMEHTOB TO-
JMHOMA dgy + X +ayX2% +...+a,x", T0 ecTh s ypaBHeHus 3x2+2x+1=0

BCKTOp a UMCCT BHU

[-0.333~ 0.471i

polyroots (2) :\ 0.333+ 0.471i
—U. . 1

Ecau B moauHOME OTCYTCTBYIOT HCKOTOPLIC CTCIICHU, TO HA COOTBCTCT-
BYIOIIHNX MCCTaxX CJICAYCT IIUCATh 0. HYCTB Tp€6yeTCH HaWUTU KOPHH IIOJIMHO-

Ma p(x)=x3+2x2-1
- —1.618

a. —
1

polyroots (a) = |1

1
0 0.618
2

1

KOS(l)(bI/IIII/IeHTBI IIOJIMHOMA MOI'yT OBITH M KOMITJIEKCHBIMHU.

1.3. Haxo:x/1eHue KOpHeii ypaBHeHU I
MyTeM CHMBOJIMYECKHUX Npeodpa3oBaHuil

Bo muorux caydasx MathCAD 1o3BOJSIET HAWTH aHAIUTHYECKOE pe-
HIeHUe ypaBHEeHHUs. [[J1s1 7TOro He0OX0IMMO BOCIIOJIb30BAaThCSl MyHKTOM Solve
for Variable w3 nynkra MeHto Symbolic. Jljis Toro 4ToObl HAWTU peUICHUE
ypaBHEHUSI HEOOXOMMO 3aMKCaTh BBIPAKEHUE U BBIJICTUTH B HEM TEPEMEH-
Hy10 (TTOCTaBUThH yKa3aTeslb Kypcopa BO3Jie MepeMeHHO). IT0 Heo0X0IUMO
JUISL TOTO, YTOOBI TIOKA3aTh, Kakasi MIMEHHO BEJIMYWHA SIBJISIETCS TIEPEMEHHOM,
a Kakas — (MKCUPOBaHHBIM mapaMmeTpoMm. [locie 3Toro BeIOMpaeM U3 MyHKTA
MeHto Symbolic nonnyHkt Solve for Variable:

cos(a-x)

(x+5)°
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ln
2 a

Oopamume énumanue! B nanHOM ciydae ObUT HaW€H TOJBKO OIMH
KOPEHb, XOTS, OYEBUIHO, NX OECKOHEYHO MHOTO.

B cnyuyae nonunoma MathCAD, a TouHee — BCTPOEHHBIM CHMBOJIMYE-
CKuii iporieccop Maple, — HaXoaUT BCe KOPHH.

,1\

2 .
Jis mpumepa X~ + 2-x + 1 —> HaWJICHO 2 KOpHsI, XOTS OHU U BBI-
1 / >

Penienue roToBo:

2 1
poxneHsl. [IpuMep ¢ KOMIUIEKCHBIMUA KOPHSIMU: X+ 1 — ;

1.4. ITouck kopHei ypasHenuit B MathCAD

MathCAD nipeacraBisieT psij JOMOJHUATEIbHBIX BO3MOXKHOCTEHN NI TO-
HCKa KOpHeW ypaBHeHU. OyHkiusa root(f (varl, var2, ...), varl, [a, b]) nme-
€T Temephb JBa HE0OS3aTENIbHBIX apryMEHTa & U b, KOTOPBIE OMpPEICNISIOT
IpaHUIEl UHTEPBaia, HA KOTOPOM ClIelyeT MCKaTh KOpeHb. Ha koHIax WH-
TepBaia [a, b] dbyukuus £ npomkHa meHsaTh 3HaK (fla)f(b) <0). 3anaBathb
HavyaJgbHOE MPHUOIMKEHUE IS KOPHS HEe HYXHO. B nanHOM BapuaHTe (QyHK-
1Us root ucnosib3yeTr anroputm Punnepa u bpenta. IIpoaeMoHcTpupyem uc-
MOJIb30BaHUE PACIIMPEHHOTO BapHaHTa IMOMCKa KOpHEH Ha mpumepe (yHK-
100505

f(x) == 0.04 - x> + sin (x)
JUJ1s1 OLIEHKH MECTOMNOI0XKEHHUS KOPHEH MOCTPOUM Tpaduk 3TON PyHKIMU:

x=-3-n,-3-t+01..3-7.

.

ol
f(x)
I I I I I = I I

-10 -8 -6 _4\\2/0 2 4 6 8 10
—2——
X

root (f(x),x,—1,8) =0 root (f(x),x,-10,-0.1) = —2.818
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Ha unrepBane [1, 8] pynkuus umeer nBa kopus. MathCAD cmor HaldTu
TOJIBKO OJINH U3 HHUX.

JIonOJIHUTENIbHBIE BO3MOKHOCTH MOSIBUIIUCH U JJISI HAXO0XKICHUSI KOPHEH
noMHOMOB. DyHKIUSA polyroots MOXKET UCNIOJIB30BATH JBA PA3JIUYHBIX aJro-
pUTMa IOMCKAa KOpHEW — MeToA Jlareppa u MeTo conpoOBOXKAAIOIIEH MaTPHU-
ubl. [lepeximouenrne METON0B OCYIIECTBISAECTCS B KOHTEKCTHOM MEHIO, KOTO-
pO€ BBI3BIBAETCA HAXKaTUEM IPABOM KHOIMKHU MBIIIM, KOTJA yKa3aTellb ycTa-
HOBJIEH Ha UMsI QYHKIIUH.
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2. PEHIEHUE CUCTEM
YPABHEHUI 1 HEPABEHCTB

dopmalibHO 3aja4ya IOKUCKa PEIICHUs CUCTEMbI YpaBHEHUI
S (x, xg,...,%,)=0;

f2 ()Cl, XZ,...,Xn):O,

I (X1, X9,...,x,)=0
MOXKET OBITh 3alliCaHa TOYHO TaK e, KaK M 3ajlada MOoucKa KOPHS OJTHOTO
ypaBHenus f(x)=0, rne f=(f;, f5,....f,) 1 x=(x, Xx,,...,x,). Bonmmsn
TOYKHM X Kakaas U3 QyHKUUH f; MOXKeT ObITh pa3iiokeHa B psp Teinopa

fi(X+AX)=fl~(X)+i %ij+...
j=1 8xj

WM B BEKTOPHOU popme
f(x+Ax)=f(xX) + JAX+---,
rjae J — matpuna Jxobu ¢ sneMeHTaMu

i

12¥) axj )

OrpaHN4YMBasICh TOJIBKO MEPBBIMU IBYMS WICHAMH Pa3JIOXKEHUS U TMOJIa-
ras, uto f (x + Ax) =0, monydaem ypasaenue Ax =—J-If (x).

Takum 00pa3oM, MBI TIOJTy4aeM CXeMY I YTOYHCHUS PEIICHUSI CHCTe-
MBI YpaBHEHUH, aHATOTUYHYIO MeToay HbIOTOHA ISl ciydasi OHOTO ypaB-
HEHUS:

x (kD) = x (k) —J-1f (x(K)), (0.6)

[TockonpKy BBIYHCIATH MaTpHIly SIKoOM Ha Ka)JOM IIare JOCTaTOYHO
TPYJOEMKO, TO OOBIYHO €€ 3JEMEHTHI BBIYMCIAIOT MPUOJIMKEHHO WU HC-
MOJIB3YIOT OJTHU U T€ 7K€ 3HAUECHMsI HA HECKOJIbKUX Iarax.

Onny u3 pasHoBugHocTer Metoa Herorona ucnonszyer MathCAD.
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2.1. Pemienne cucreM JIMHEHHBIX
U HeJIMHEeMHbIX YPABHECHUU U HEPABEHCTB

CucTemMbl IMHEVHBIX U HENVMHEHHBIX YPAaBHEHUN M HEPABEHCTB I103BO-
nset pewatb Ha MathCAD 61510k given B couetanuu ¢ pyukuueit Find.

Bnumanue! B 0Gnoke given 3anmuchIBaeTCsl CUCTEMa ypaBHEHUH W/WiH
HEPABEHCTB, NOJICKAIINUX PELIEHUIO.

Cucrema ypaBHEHUW W/WIIM HEPABEHCTB JIOJDKHA OBITH 3alKcaHa Mocie
WJIU TIpaBee CI0Ba given.

[Ipu 3anucu ypaBHEeHU# BMECTO 3HaKa = ciieyeT Habupats Ctri+=.

[lepen cioBoM given HEOOXOAMMO YKa3bIBaTh HayalbHBIC MPUOIIIKE-
HUS JUISL BCEX NTEPEMEHHBIX.

biiok given He pUroAeH 1 NOMCKA UHAEKCUPOBAHHBIX TEPEMEHHBIX.

Ecnr Mbl XOTUM HaWTH KOMIUIEKCHBIA KOPEHB, CIEAYET 3aaBaTh KOM-
IUIEKCHOE HavaJbHOE MPUOIIKEHNUE.

[Ipu3HakoM OKOHYaHUsSI CUCTEMBI CIyXUT QyHkuus Find, ecaum mMbl X0-
TUM HalTH TOYHOE PEIICHUE CUCTEeMbI, 00 dhyHKkIus Minerr, ecnu cucrema
HE MOXET OBbITh pelieHa TOYHO, U Mbl XOTUM HAWTH HaWIyyllee MpUOIHKe-
HUE, 00ecreynBarollee MUHUMAIIbHYIO TOTPETHOCTb.

Oynkuuu Minerr n Find nonxHbl UMETh CTOJIBKO K€ WIM MEHBLIE ap-
I'YMEHTOB, CKOJIbKO YpaBHEHUN M HEPABEHCTB COIEPKUT OJIOK given. Ecnu
OKa)KeTCsl, YTO OJIOK COAEPKUT CIUIIKOM MaJlo YPaBHEHHM WJIM HEPaBEHCTB,
TO €ro MOKHO JIONOJIHUTH TOXKIECTBAMU WJIA TOBTOPSIOIIMMHUCS BBIPAXKE-
HUSIMH.

B Tom cnyuae, ecnu perieHre HE MOKET ObITh HAWJIEHO MPH 33JaHHOM
BBIOOpE HAYAILHOTO MPHUOIMKEHUS, TIOSBUTCS COOOIEHNE B KPACHOW paMKe
Did not find solution — pelueHue He HalACHO.

3amaauM HavaldbHbIE NPUOMIDKEHUS U PEUIMM CHCTEMY HEJIMHEHHBIX

YPaBHEHHI:
x=1 vy =1
. /5]
given x?—y=23 x2.y=50 Find (x,y) = L2 )

Ecnu HEoOX0MMMO HAWTH pEIIeHHE MPU Pa3TUYHBIX HAYAIBHBIX TPH-
OJIMKEHUSX, IMEET CMBICTT OTIPEICTUTH HOBYIO (DYHKITHIO
- 2 2
given Xx“—-y=23 x“-y=50
f(x,y ) = Find (x,y)
Oopamume enumanue! B 3T0M ciyyae HE HY’KHO 33J]aBaTh HadaJbHbIC

npuOIKeHus nepen HadaiaoM Onoka given — Find. Hauanbubie npubnmxe-
HUS 337aI0TCS B KauecTBE apryMeHToB pyHkuuu £ (x, y)
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5 -5
f(1,1)=<2/ f(1,1)=<2>

, [ 1.414i _ [~ 1.414i
f(1 ,1) = f(-1,1) =
\-25 \-25
[TogoGHBIM e 00pa3oM MOXHO pellaTh CUCTEMBI, 3aBUCALIUE OT Hapa-
MeTpa:

given x% + y2 =R? y=X

[ 0.707 —0.707
g(1,1,1) = g(-1,-1,1) =
\ 0.707 ~0.707
o < 414> C1o12) /1.414>
g s s = g -1, ) =
1.414 \-1.414

2.2. Pemienne cucTeM JIMHEHHBIX YPABHEHNH U HEPABEHCTB

COBEpIICHHO aHAIOTMYHO PEIIAIOTCS CUCTEMBI IMHEUHBIX YPABHEHUM.

OnHako B TOM cily4ae, KOrja CUCTeMa JIMHEWHBIX YPABHEHUI HEBBIPOXK-
JIEHa, TO €CTh €€ ONpPENEIUTENb OTIMYEH OT HyJis, 00Jee U3SIIHBIM (XOTA
U HE caMbIM 3(PPEKTUBHBIM C TOUKU 3PEHUS BBIYUCIUTEIBHON MATEMATHUKH)
ABJIIETCS. MATPUYHBIN CIIOCOO PEIIECHUS.

Pemmm iMHENHYI0 CHCTEMY OJTHUM U IPYTUM METOIOM:

X = -2 y =1 z =2

given 2.x-4.y+3.z=1

X—=2-y+4:z=3 3.x-y+5.z=2

—1

Find (x,y,2) = 3904 -10 '°

1

PemumM Ty e camyro cucTeMy MaTpUUYHBIM METOIOM.
3anuiieM MaTpuIly CUCTEMBI U BEKTOP CBOOOIHBIX YICHOB:

/2 -4 3\ /1

a =1 -2 4 b= 3
b1 s E

Pemnm cuctemy, yMHOXas cieBa CTOJ0€I] CBOOOJHBIX YJIECHOB L Ha
MaTpuily, oOpaTHYIO MaTpHIIE a:
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Ecnu BeI pabotaete ¢ mpoaBunyToil Bepcueit MathCAD, To nnst 3TUX
JKe 1eJIel MOYKHO BOCIIOJIb30BaThCsl BCTPOCHHOU PyHKIMEH Isolve:

-1
Isolve (a,b) =1| 0
1

2.3. CuMBoOIMYECKOE pelIeHre CUCTeM YPaBHEHU

Bo MHOruX ciy4asx peuieHHe CHUCTEMbl YPaBHEHHUU MOXET ObITh Haid-
JIEHO HE TOJIBKO YMCJIEHHO, HO M aHAIUTUYECKH. ISl 3TOro Tak e UCIoJib-
3yercst Ojok given u ¢yukius Find, HO BMeCTO 3HaKa paBEHCTBA TOCIE
(GyHKUMM CIIEAyeT TMOCTaBUTh 3HAK CHMBOJUYECKOTO MpeoOpa3oBaHUS —>

(Ctrl+.):
given
X2+X-y+y2=13
Xty =4
_ 301
Find (x,y) — ( - j

Pemenue 3anucano B Buae MaTpuilbl. Kaxpiii cTo10€e1] COOTBETCTBYET
nape (x, y), To ectb Haiaens! pemenus (1, 3) u (3, 1).

2.4. HaxoxkaeHue 3KCTPeMYMOB (DYHKIIH

Jl1s HaX0XKJACHUS SKCTPEMYMOB (DYHKLIMN MHOTHX IEPEMEHHBIX CyIIe-
CTBYET JIB€ aJIbTCPHATUBHBIC BO3MOKHOCTH.

[lepBasg 3akmrodyaercss B MCIOJIB30BaHUM OlOKa given W (QyHKIUU
minerr.

Onpenenum QyHKIUIO IBYX IEPEMEHHBIX
2 2
-y

3agaauMcst LiesIblo0 HallTH ee SKCTpeMyM B obnactu X = [-5, 5]; y =[5, 5].
OueHuM 1o rpaguKy HOJOKEHUE IKCTPEMyMa.

3aHocuM B MaTpuily M 3HaueHHs QyHKIMH B y3JIOBBIX TOUKAX:

i =0 . 10 i =0 . 10 M =GGi-5,j-5)

G(x,y) =25 — x
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M

Ha 3amanHoM wHTepBasie ¢GyHKIUS HE MpeBOCXomuT 25. 3aganauM Ha-
YabHBIC TPUOIMIKEHUS TSI TIOMCKA SKCTPEMyMa:

x =1 y =1

3anucbiBaeM OJIOK ypaBHEHHMH WM HEpaBeHCTB. UHMCIIO ypaBHEHUM
U HepaBeHCTB B Onoke given — Find nomkxHO OBbITH OOJbIIEe M PaBHO YHUCIIA
UCKOMBIX BenW4MH. ECiM ypaBHEHUH M HEpPaBEHCTB HE XBATa€T, TO MOYKHO
IPOCTO MPOAYOINPOBATH OJHO M TO K€ YPaBHEHHE WJIM BIHCATh KaKOe-In0o
TOXAECTBO, HAIIpUMEP, 2 = 2:

: >_ < >_ <
given G(X,y):26 X=-35 Xx=5 y—=-5 y =5
, 4584-10 °
Minerr (X,y) = B
4.02-10 °

Oyukiuss Minerr vietr TpuOIUKEHHOW pEIIeHUE ISl CUCTEMBI ypaB-
HEHUI U HEPaBEHCTB, 3allCaHHBIX B OJIoKe. B JaHHOM ciiydae Mbl IOJTy4HJIH,
YTO CHCTEME YPAaBHEHHMI HamIy4IIMM oOpa3oM cooTBETCTBYeT Touka [0, 0].
(ITockonpky MO yMOJYAHUIO TOYHOCTH BhiuMciieHHil coctarisier 0.001, mbi
OKpYyTJUIu pe3ynabTat 10 0.)

N3 rpaduka BuaHO, 4TO 3HaYeHUE 26 OOJIbIIE caMoro OOJIBIIOro 3HaYe-
HUS (QYHKIIUU B OKPECTHOCTSX TOYKH [1, 1], TO €CTh TOUHOE pelleHne HalTH
Henb3s U (QyHkuus Minerr nogOUpaeT Takoe 3HAYEHUE X, IPU KOTOPOM
GyHKUHS OJMKe BCEro K 3Ha4eHHIo 26.
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Bropas BO3MOXHOCTh — MOUCK HYJEW IEPBOM NMPOU3BOIHOM, TO €CTh
CTaHJAPTHBIM MATEMATUYECKUK MOAXOJ. JJIsI 3TOro MOMXHO HCIIOJb30BaTh
onok given — Find. ®yuxuus Find vier TouHOE pelieHne CUCTEMbl ypaBHe-
HUW U HEPABEHCTB, 3allMCAHHBIX TOCJIE CJIOBA given:

Given C%{G(x,y):o din(x,y):O
, [ 1.059-10 7
Find (x,y) = B
1105910 7

Pe3ynbraTel, NOJIy4eHHBIE PA3IMYHBIMU METOJAMU, COBMANAIOT, BPEMS
cyeTa MaJio B 000MX CIydasx.

B crapumx Bepcusix MathCAD nosBuiIachk JOMOTHUTEIbHAS BO3MOX-
HOCTb TIOHMCKa 3KCTPEMYMOB C TMomolisio GyHkiuil Minimize n Maximize,
KOTOpPbIE MOTYT OBbITh MCHOJB30BAHbl KaK CaMH MO cede, TaK U COBMECTHO
¢ 6sokoM given. AprymMeHThl PyHKIMI: UMl QYHKIHH, SKCTPEMYM KOTOPOU
UIIETCS], U CIIUCOK €€ apIyMEHTOB.

OmnpenernsieM QyHKIIUIO ABYX mepeMeHHbix f(X,y) =25 — X — y2 u 3a-

naeM HavabHble mpuomokenns X = 1 y = 1.
3amaeM 00y1acTh MOMCKA MAKCUMyMa BHYTpH OJIOKa given:

Given
0 <x<5
0<y<5
Haxonum MakcumMym QyHKUMHU B 3aJaHHON 00J1aCTH
P := Maximize (f,x,y)
0
0

P =

B cnydae (QyHkmmm omHON  mepeMeHHOW 3amaeM  (PYHKITUIO
4 2 —
g(x) = X — X W HadaJlbHOE NMpUOIMXKeHue X .= 1

Haxonum Makcumym Maximize (g ,x) = 0,

Ecaun MBIl XOTUM HAWTH MaKCHMAaJIbHOEC WM MHHHMMAaJIbHOE 3HAYCHHE
GYyHKIMA HAa HEKOTOPOM WHTEpBajC, TO HEOOXOAUMO OMPEACIUTh STOT WH-
TepBaJ B OJI0Ke given:

Given
0 <x< 2
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Maximize (g ,x) = 2

Ha npuBeneHHoM Huxke rpaduke BUAHO, YTO MEPBBIA M3 HAWIECHHBIX
MaKCUMYMOB COOTBETCTBOBAJI CIIy4alo, KOTJla NpOU3BOJHAs oOpariaercs
B HYJIb; BTOPOI MaKCUMYyM JISKHUT Ha TPAHUIIC UHTEpPBAJIa:

Xx:= =-2,-19 .2

g(x)
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3. AIIPOKCUMAIIUA ®YHKIIUH

Annpokcumayuen (nipubmmkenneM) QyHKuu f(x) Ha3bIBaeTCs Ha-
XOXJIeHHe Tako QyHKIMU g(x) (annpokcumupyrowieii (hynkyuu), KoTopas
Obl1a Ob1 Onu3ka 3amanHoi. Kpurepuu 6nm3octu pynkmmii f(x) u g(x) mo-

TYT OBITH pa3INYHBIC.

B Tom ciywae, korma mpuOIMKEeHHUE CTPOUTCS HA JUCKPETHOM HaOope
TOYEK, alllPOKCUMALMIO HA3BIBAKOT MOYEYHOIUl VI OUCKPEMHOU.

B Tom cmydae, Korjga anmpoKCHMAIMs MPOBOJUTCA HAa HENPEPHIBHOM
MHOXECTBE TOUYEK (OTpEe3Ke), alMpOKCUMAIMsS HA3bIBACTCS HEnpPepuléHOU
Ui uHmezpanvuoi. 1llpuMepoM TakoW anmpoKCHUMAlMM MOKET CIYXKHUTh
pasnoxkenune GyHKuuM B psj Teiinopa, TO €CTh 3aMeHa HEKOTOPOH (PyHKIUU
CTEIEHHBIM MHOTOYJICHOM.

Haubonee dyacto BcTpeyaronuM BUAOM TOUYEHYHOW alMpOKCHUMAIUMH SIB-
TSIETCS uHmMepnoaayua (B IUPOKOM CMBICIIE).

ITycTs 3aman auckpeTHbI HaOop Touek x; (i=0, 1,...,n), Ha3pIBAEMBIX

y31amMu UHmMeEPnoaAyuu, TPUYeM Cpeau STHX TOUYEK HET COBIAIArONINX,
a TaKKe 3Ha4eHUs QYHKLIUHU y; B 9THX TO4Kax. TpebyeTrcs mocTpouTh QpyHK-

nu g(x), TpOXOIAILYI0 Yepe3 BCe 3aJaHHble Yy3Jibl. TakuM o0pa3oM, Kpu-
TepueM OJIM30CTU (PYHKIIMU SIBISIETCS
g(x;)=y;.

B kauectBe PyHkumu g(x) 0OOBIYHO BBIOMpAETCS MOJMHOM, KOTOPBIHA
Ha3bIBAIOT UHMEPNOIAYUOHHBIM NOTUHOMOM.

B Tom ciiyuae, korjia moJIMHOM €IMH JJISI BCEW 00JIaCTH UHTEPIIOJISALINH,
TOBOPSIT, UTO UHTEPIOJISIIIUS 27100A/1bHAA.

B Tex ciyuasx, Korja Mexy pazuyHbIMH y3JaMU MOJUHOMBI Pa3iny-
HBI, TOBOPAT O KYCOUHOU VI JIOKAIbHOU UHMEPNONAYUU.

Halins nHTEepnoAIMOHHBIN OJIMHOM, MBI MOKEM BBIYUCIUTH 3HAYEHUS
bynkuun f(x) Mexay y3inamu (IPOBECTH UHIMEPROIAUUIO 8 YIKOM CMbLCIE
C106a), a TaKXKe ONPEJCNINTh 3HaUeHHe QYHKIUMU f(x) daxe 3a mpeaesiaMmu
3aJIaHHOTO MHTEpBaia (IPOBECTH IKCHIPANONAYUIO).

Cnez{yeT HMCTb B BHUAY, YTO TOYHOCTb 3KCTPAIIOJIAIHNH OOBIYHO OYEHB
HCBCJIMKA.
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3.1. JIoka/ibHAasi HHTEePIOJISIUS

3.1.1. JIuHeiiHAst MHTEPIOJISIAS

[IpocreitmuM ciyyaeM JTOKAIBHOM WHTEPHOJISIUA ABISETCS JIMHEWHAS
WHTEPIOJAIHMS, KOT/Ia B KAYECTBE MHTEPIOJISIITUOHHON (DYHKIIMU BBIOMpAETCs
MIOJIMHOM TIEPBOM CTENEHHU, TO €CTh Y3JIOBBIE TOUKU COEIUHSIOTCA MPSIMOM

JIMHHUEH.
JIuneitnas unTepnonsiuus Ha MathCAD ocCylecTBIAETCS C MOMOIIBIO

BCTpOeHHOU (DyHKIMH linterp.
[Tyctb TpeOyeTcs mpoBeCTH JTUHEHHYI0 HHTEPIOIALNI0 QYHKIUHU sin(x)
Ha uHTepBaiue [0...6], UCONb3ys NATh y3J10B MHTEPHOJSLUN, U BBIUUCIUTD

3HauYEHUS (PYHKIIUU B YETHIPEX TOUKAX X!

k '=0. 3

-0.5

1111
2.333
4.574

3aﬂaeM HHTCPBAJI USMCHCHUSA X U YHUCJIO Y3JIOBBIX TOUYCK
X min =0 X max =~ © n =5

<X max ~ X min >
OHpeI[CJIHeM mar “USMCHCHHUA X: h =

n
Breraucnasem KOOPAWHATEI Y3JI0B U 3HAYCHUS (bYHKI_II/II/I B HHUX:

i =0. n — 1 X; =X min tih y, = sin <xi>
[IpoBOAMM JTMHENHYIO HHTEPIIOJISILIUALO: g(z) = linterp (x,y,z)

Bpruuciaum 3HaueHuME HHTepHOH}IHHOHHOﬁ (I)YHKI_II/II/I B 3aJaHHBIX TOYKaXx
M CpaBHUM HUX C TOYHBIMHU 3HAUCHUAMMU

9(% sin (%
-0.388 -0.479
0.863 0.896
0.69 0.723
-0.892 -0.99

Kak BHIHO, pe3ynbTaThl HHTEPIIOIALANA OTIIMYAKOTCS OT TOYHBIX 3HAYe-
HUH (QYHKIIMA HE3HAYUTEIBHO.
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3.1.2. UaTepnojsiuus CruianHaMu

B HacTosimiee Bpems cpenu METOAOB JIOKAJIbHOW WHTEPIOJALMUA Hau-
OoJIbIIEe PACHIPOCTPAHEHHUE MONYUYWJIa MHTEPNOISAUMS CIUIaiiHaMH (OT aHrdI.
spline — ruOkas nuneiika). [Ipyu 3TOM CTPOUTCS UHTEPHOIALMOHHBINA TOJIMHOM
TPETbE CTENEHU, IPOXOAAIIMI Yepe3 BCe 3aJaHHbIC Y3JIbl M UMEIOLIUN HeTpe-
PBIBHBIE IIEPBYIO U BTOPYIO Ipou3BoAHbIE. Ha Kaxxaom unTepBane [x;, x;]

MHTEPIIOUPYIOIas (PYHKIMS SBISETCS IIOJMHOMOM TPETHEN CTEIEHH
S(x)=S8; (x)= a(()i) + al(i) (x—x;)+ ag) (x—x;)2+ agi) (x—x;)3
Y YJOBIIETBOPSIET yCIOBUAM
S(x)=y;- 0.7)

Ecnm Bcero n y310B, TO uHTEpBajioB — n—1. 3HauuT, TpeOyeTcs ompe-
nenmuth 4(n—1) HemsBecTHBIX Kod(duimeHToB moanHoMoB. YcioBue (0.7)

JlaeT HaM 71 ypaBHEHUU. YCIOBHE HENPEPHIBHOCTU (DYHKIMU U €€ TMEepPBbIX
JIBYX MPOU3BOJHBIX BO BHYTPEHHHUX Y3JIaX MHTEPBAJA JACT JOMOIHUTEIBHO
3(n—2)ypaBHeHUi:

Si(xi41) = Si11 (X515
Si(x41) = Si1 (X115
S7(x11) =871 (Xi11)-

Bcero umeem 4n—6 pa3nuuHbIX ypaBHEHHU. J[Ba HEJOCTAIONIUX ypaB-
HEHHSI MOXKHO TIOJIyYMTh, 3a7aBasi YCIOBHS Ha Kpasx MHTEepBaia. B wacTHO-
CTH, MOKHO NTOTpe0OBaTh HYJIEBOW KPUBU3HBI (DYHKIIMM Ha Kpasx UHTEpBaJa,
To ecth S"(a)=S"(b)=0.

3ajaBasi pa3au4HbIC YCJIOBHUS Ha KOHIIAX MHTEPBAJIA, MOXHO MOJYYHUTH
pa3HbIE CIUIANHBI.

Pemum 3amady 00 MHTEPHOJSIMN CHHYCA C MOMOIIBIO CIUTaiHOB. s
ATOTO BOCTIONB3yeMcsl BCTpoeHHOU (yHkumei interp(VS, x, y, 7). llepemen-
HBIE X U y 3aJal0T KOOPAMHATBHI Y3JIOBBIX TOYEK, I SIBISETCS apryMEHTOM
¢bynkuuu, VS onpezaenser TUI TPAaHUYHBIX YCIOBHM Ha KOHIIAX MHTEpBaa.

OnpenenuM UHTEPIOISAUOHHBIE (PYHKIUU IJIs TPEX TUIIOB KyOHUYECKO-

ro CIUIaiHa:
VSI = Ispline(x,y) gl(z) = interp(VSIl, x,y,z)
VSp = pspline(x,y) gp(z) = interp(VSp,Xx,y,z)
VSc = cspline(x,y) gc(z) = interp(VSc,Xx,y,z)
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Brruucnsem 3HaueHUs HHTCPIOJIAIMOHHBIX (I)YHKI_II/If/'I B 3aJJaHHBIX TOY-
KaX 1 CpaBHUBACM PE3yJIbTAaTbl C TOYHBIMU 3HAYCHUSMMU:

X alx) oee(x)  ge(x)  Sn(Xg

05 |-0473 -0.737 -0.752 -0.479
111 0.896 0.903 0.904 0.896
2.33 0.724 0.722 0.72 0.723
457 |-0.927 -0.962 -1.014 -0.99

OOpatute BHUMAHHE, YTO PE3yJIbTaThl MHTEPIIOJISIINYN PA3TUIHBIMUA TH-
namMu KyOMYeCKHX CIUIAHHOB MPAKTUYECKH HE OTIMYAIOTCS BO BHYTPEHHUX
TOUYKAaX MHTEPBAla U COBMNAAAIOT C TOYHBIMHU 3HAUCHUSMU (QYyHKIHMH. BOmu3u
KpaeB MHTEpBaJIa OTIMYME CTAHOBUTCS 0OJiee 3aMETHBIM, a MPHU IKCTPAroJs-
LMW 32 IPEAesbl 3aJaHHOIO0 MHTEPBAJIA PA3JIUYHBIC THUIIBI CIUIAWHOB JAIOT
CYIIECTBEHHO pa3Hble pe3yJbTarhl. Jjist OObIIel HArIsSJHOCTH MPEACTaBUM
pe3yabTaThl Ha rpaduKax

z = -1,-09 . 6
1
0.5
0
9(z)

. /’
sin(z) 05 \, ,
Yi
LoXoReod -

—1.5
—2
-2 0 2 4 6
z,z,xi
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1 ‘\\
0.5
0
gl(z)
sin(z) 05 ’
Y, /
OO0 -
—15
-2
-2 0 2 4 6
Z,Z,X
1
0
gp(2)
sin(z) )
- - /
A ’
Yi \ .
000 4 N
-2
-2 0 2 4 6
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1

0
gc(2)
sin(z)
Y; \
000 4 :

-2

-2 0 2 4 6
z,z,X

Y6eaumcst B TOM, YTO NEPBbIE€ U BTOPbIE MPOU3BOAHBIC CIUIaliHA HEmpe-

PBIBHBL.
3
[
/
\ /
2 N . ,
4 gi(2) \ /
dz \ /
h L . ,
d / N /]
~gp(z) A\ ,
dZ \ / ’

/-7
=—gc(z) \ l/(/—\
dz ,//

Z,2,7
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/
/
/
2 2 /
d
—— gl(z)
dz2
2
d 1
— gp(2)
dz2
2
4 ge(z) 0
2 4
dz° %
-1
0 2 4 6
Z,2,Z

Ho IIPONU3BOJHEIC 0oJiee BBICOKHX IMOPAOKOB YK€ HC ABJIANOTCA HCIIPC-
PBIBHBIMH.

3.2. I'nodanbHAsi MHTEPNOJISILMS

[Ipu rmoGasbHOM WHTEPIOAIUUA UIETCS €AUHBIN MOJIUHOM JIJIsi BCEro
uHTepBasia. Ecnu cpenu y35oB {x;, y;} HET COBIAAIOIINX, TO TAKON MOJIHMHOM
OyJleT eIMHCTBEHHBIM, U €r0 CTeNIEHb HEe OyAET MPEBBIIIATh .

3anuiieM CHUCTeMY ypaBHEHHMM I ompenesieHus K03 HUIIMEHTOB I10-
auHoMa (n—1)-it crenenu

-1 _ .
Co+C1Xg+Coxg +...+ ¢, xi =y,

2 -1_,, .
CoteXp HepXf .+, x{T =y,

2 -1 _
CotCXy+CpXi o+ Cp XN =V,

Omnpenenum MaTpuIly K03 GUITMEHTOB CUCTEMbI YpaBHEHUN
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Peminm cucrtemy ypaBHEHH MAaTPUUYHBIM METOAOM:
c =a -y
BprarciauM HHTEPIIONSIHMOHHBIN TOJTUHOM
L(z) = Z ci-zi
i

[IpencraBuM pe3ynbTaThl Ha rpaduxe, Hampumep, IS (YyHKIUU

y =sin(x).
2
1
L(z)
sin(z)
i
OO0
-1
-2
-2 0 2 4 6
Z,2,X.

Breraucnum 3HaueHUs HHTCPIIOJIMUOHHOI'O IMOJIMHOMA B 3alaHHBIX TOY-
Kax 1 CpaBHUM HUX C TOUHBIMH 3HAYCHUSAMMU:

X, L <>ﬂ<> sin <Xk>
-0.5 ~0.594 -0.479
1.111 0.901 0.896
2.333 0.72 0.723
4574 -1.036 -0.99
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KoaddunmeHTs HHTEPHOIAIMOHHOTO TTOJIMHOMA CJICIYIOIIHE:
o ]

1.134

c=|-0.177

-0.127

1 0.022)

Buumanue! V3-3a HakoTUIeHUS! BRIYUCIUTEIIBHOM MOTPEIIHOCTH (OIIH-
OOK OKpyTJeHHusl) Mpu OOJIBIIOM YHUCIE Y3J0B (n>10) BO3MOXKHO PE3KOE
YXYALIEHUE Pe3ysbTaToB MHTepnoisuuu. Kpome Toro, aid menoro psnaa
GbyHKUMA riao0anbHas UHTEPHOJIALMS MOJIMHOMOM BOOOLIE HE JAeT yAOBIe-
TBOPUTENIBHOIO pe3ysbTara. PaccMOTpUM B KadecTBe MpUMeEpa JBE TaKHUX
¢bynkuun. g 3TuX QyHKIUI TOYHOCTh MHTEPHOJSALUUA C POCTOM YHUCHA y3-
JIOB HE YBEJIMYMBAETCA, a yMeHblaercs. [lepBeIM NpuUMeEpoM SIBIISIETCS
byHKIUSA

f(x) = 1

1+ 25-x°

[TocTpoum aJi1 HEE MHTEPNOISLUMOHHBIN OJIUMHOM Ha uHTEpBase [—1, 1],
WCMOJIb3YA 9 TOYEK:

A (%) v = f(x;) c=aly L2) =) 7

[IpencraBum pe3ynbTarhl Ha rpaduke:
z ' =-1,-099 .1

Bropoii npumep — pyHKIUSA

g(x) = |x]|
HaitneM HMHTEpNONSUMOHHBIA TOJIMHOM, HWCHOJIb3Yys 3aJaHHBIE BBILIEC
TOYKU:
‘= / \ = 71. = . i
Y, = 9lx) c-a'y L(z) ZC.Z
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1.5
’\ VARN

] \ AN

| \ ! \

] \ {

N Vi 4
1 \ ,
9(z) ' N
— ]
L(z) R g
- . !
i os 3 A
000 AR L
\\ ,
\ /,
Y 4
\ 7/
0 ~- d
-1 -0.5 0 0.5 1
Z,Z2,X

Z,Z,X.
J

VYb6enurecb caMOCTOATENBHO, YTO, MPU YBEIMYEHHHM 4YHCIIA Y3JIOB HH-
TEPIOJSIIIAK, PE3yIbTaThl WHTEPIOIUPOBAHUS BOIM3M KOHIIOB HHTEpBaja
YXYIIAOTCH.
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3.3. MeToa HaMMEeHbIIMX KBA/JAPATOB

Haunbonee pacnpocTpaHeHHBIM METOJOM aNMpPOKCUMAIIMK SKCIIEPUMEH-
TAJIBHBIX TAHHBIX SBJISETCS METOJI HAMMEHBIINX KBaApaToB. MeToa mo3BoIs-
€T UCTOJIb30BaTh ANMPOKCUMUPYIONTUE PYHKIIMU MPOU3BOJIHHOTO BUIA U OT-
HOCHUTCS K TPYIIe TI00anbHBIX MeTOoA0B. [IpocTeliuM BapuaHTOM MeTOja
HAaUMEHBIITUX KBAJPaTOB SIBISETCS aIlPOKCUMAIU MPSAMON JIMHUEH (IT0JIH-
HOMOM TIEpPBOM CTENEeHH). DTOT BapHaHT METOJa HAMMEHBIIUX KBaJpaToOB
HOCHUT TAK)K€ Ha3BaHUE JIMHEMHOU PETPECCHUM.

Kpurepruem 01130¢TH B METO/Ie¢ HAMMEHBIIIMX KBAJAPATOB SBIISETCS TPe-
OOBaHHWE MHUHHMAaJIbLHOCTH CYMMBbI KBAJIpaTOB OTKJIOHEHUH OT alIpPOKCHMH-
pytomield PyHKIIUH 10 SKCIIEPUMEHTAIbHBIX TOUEK:

®= é(y,. — f(x,))> - min.

Takum oOpazoM, He TpeOyercs, YTOOBl anMpPOKCUMUPYIOIIast (PYHKITUS
IPOXOJMIa Yepe3 BCe 3a/laHHble TOUKH, YTO OCOOCHHO Ba)KHO IPU aIIpOK-
CUMAalUU JaHHBIX, 3aBEIOMO COJAEPKALIUX MOTPELIHOCTH.

BaxxHoi1 0COOEHHOCTBIO METO/a ABJSAETCS TO, YTO ANMPOKCUMUPYIOIIAs
byHKIMS MOXKeT ObITh Mpou3BOIbHON. Ee Bu onpenensercs ocOOeHHOCTAMU
pelraeMon 3ajauu, Hanpumep, PU3NIeCKUMHU COOOpaKEHUSIMH, €CJIU MPOBO-
JUTCS aNMpOKCUMALIMS PE3YNbTaTOB (PU3MUECKOro 3KkcnepuMenta. Haubomnee
YacTO BCTPEYAIOTCS alMPOKCUMAIIWS MPsIMOM JTMHUEH (JTMHEWHAas perpeccusi),
anmnpoKCcUMaIusl MOJMHOMOM (IOJIMHOMUAJIbHAsL PErpeccus), anmpoKcuMa-
1Us JIMHEHHON KoMOMHAIMel nmpou3BoIbHbIX GyHKIUNA. KpoMe Toro, gacto
ObIBa€T BO3MOXKHO IMYyTEM 3aMEHbI MEPEMEHHBIX CBECTH 3a/1auy K JMHEUHON
(mpoBectu nuHeapu3zauuio). Hanmpumep, myctb annmpokcuMupyromas QpyHkK-
nus umercss B Buue y=Aexp(kx). IlpomorapudmMupyeM 3TO BBIpaKEHHE

u BBesileM oOo3HaueHusi z=In(y), a=In(A4). Torma B HOBbIX 0003HAUECHHUAX
3aJa4a CBOAWTCA K OTBICKAHHIO KOY(PPUIMEHTOB JHHEWHOW QyHKIHMH

z=a +kx.
3.3.1. AnnpoxkcuManus JUHeHHOH PyHKIUEN

[IpumeHnmM MeTON HAaMMEHBIIMX KBAJAPaTOB MJIA ANIPOKCUMAIIUU JKC-
MIEPUMEHTAJIBHBIX TAHHBIX.
UuraeM naHHble U3 ¢ainoB datax u datay:

X = READPRN ( datax ) y = READPRN ( datay )
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[Ipu ucnonszoBanuu MathCAD vims (daiina cienyeT 3akiatoyaTh B Ka-
BBIYKM W 3alucbiBaTh ero 1Mo mnpaswiam MS DOS, nHanpumep,
READPRN("c:\mylib\datax.prn").

OmnpenensieM KOTUYECTBO MPOYUTAHHBIX JIAHHBIX (YUCIIO IKCIIEPUMEH-
TaJIbHBIX TOYECK):

n — last (x)
i =0.n

Hcnonszyem BcTpoeHHble GyHKINU slope v intercept 1uist onipeeneHus
KO3((PUIIMEHTOB JIMHEHHOW perpeccuu (anmpoKCUMalus JAHHBIX MPSAMOMN
munuen). Oyukuus slope onpeznenser yrioBod Ko3(Q(UIMEHT NOPSIMOM,
a GyHKIUS intercep — TOUKY niepecedeHus rpaduka ¢ BEpTUKAIBHON OChIO:

A — intercept (X ,Vy)

B = slope (x,vy)

OmnpenensieM anmnpoKCUMUPYIOUTYI0 GYyHKIIUIO:
fl(z) = A +B-z

KoaddurmenTs nuHeiHOM perpeccun:

A = -3.539

B = 181

MathCAD npennaraet Jyisl 3TUX K€ IeJIel UCITOIb30BaTh GyHKIHIO line
_ ~3.539

line(x,y) = ( 181 j

Brrancnym cranaapTHOE OTKIIOHEHHUE:

1
R e N GO RO

|
S1 = 2.093
z = 0,01 . 10
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— N —

f1(z) Pras

X
X X X /x KX

3.3.2. AnnpokcuManus nNoJUHOMAMU

Teneps nonbiTaemMcs To00paTh MOJIMHOMBI BTOPOM U TPETHEH CTETIEHH,
B Ka4yeCTBE aNnmpoKCUMHpYomed GyHkuuu. s 3Tux memneit ciaykaT BCTpo-
eHHbIC (PYHKIIMH regress U y)Xe 3HakoMas HaMm QyHkuus interp. (OueBuUIHO,
YTO €CJIM B KaueCTBE alMPOKCUMUPYIOIIEH PyHKIMU OpaTh MOJUHOM CTEIie-
HU Ha €JIMHUIlY MEHbIIIE YUCIIa TOYEK, TO 3a/laya CBEJETCS K 3aJ1aye Ti1o0alib-
HOW MHTEPIOJISALNU U TOJTYYCHHBIN MOJIMHOM OYyJIeT TOYHO MPOXOIUTH Yepes
BCE 3aJlaHHBIC Y3JIbL. )

BBoauMm crenenu nojamHOMOB:

k2 =2
k3 =3

OyHKUUS regress SIBISETCA BCIIOMOTraTeNbHOM, OHA MOATOTaBIMBAET
JaHHbIE, HeoOXoauMbIe NI paboThl PYHKUMHU interp. BEKTOp vs COAECPKUT
B TOM YHCIIEe U KO3(DPHUIIMEHTHI MOTHMHOMA

vs2 = regress (x,y,k2)
vs3 = regress (X ,y,k3)

@yHKUMSA interp BO3BpALlacT 3HAYEHUE NOJIMHOMA B Touke Z. Onpene-
7auB HOBbIe QyHKIMU £2, £3, MBI MOXYYMIA BO3MOKHOCTh HAXOJAUTh 3HAYe-
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HHUE MMOJIUHOMA B JIFO00I 3aI1aHHOI TOYKE:

f2(z) = interp (vs2 ,Xx,y,2)

f3(z) = interp (vs3 ,x,y,2)

coeffs2 1= submatrix (vs2 ,3,length (vs2 ) —1,0,0)
coeffs3 = submatrix (vs3 ,3,length (vs3) —1,0,0)
KoadpduruenTst:

(coeffs2)' = (0701 —0.76 0.257 )

(coeffs3 )| = (10122 0253 2.377-10 °  0.017 )

1 2
- Nl - _
S2. (n_2) \fZ\Xi> yi> S2 = 0671

s3 - (nlz)-z 3(x,) -y, s3 = 0581

CranmapTHbIe OTKJIOHEHHUS MOYTH HE OTJIMYAIOT JAPYT OT Jpyra, Kodd-
(GUIIMEHT TPHU YETBEPTOM CTETICHU Z HEBEJUK, OATOMY JaJIbHEHIIEe YBEIH-
YeHHEe CTENEHU MOJIMHOMA HEIeJIeCOOO0pa3HO M JOCTATOYHO OTPaHUYUTHCS
TOJIBKO BTOPOM CTEIECHBIO.

K coxanenuto, QyHKIUSI regress UMEETCsl JAJIEKO HE BO BCEX BEPCUSIX
MathCAD. Onnako, TPOBECTH TOJUHOMHAIBHYIO PETPECCHI0 MOXHO U 0e3
WCIIOJIb30BaHUS 3TOM (YHKIMU. {151 9TOTO HY>KHO ONpenenuTh KodPhuIu-
€HThl HOPMaJIbHON CHUCTEMBI M PEUIUThH MOJYYEHHYIO CHCTEMY YpaBHEHH,
HaIrpuMep, MaTPUYHBIM METOJIOM.

Tenepp momnbiTaeMcsi anmpOKCUMUPOBATh IKCIIEPUMEHTATIBHBIE JTAHHbBIC
MOJIMHOMAMHU CTETICHH m M m1, He mpuleras K MOMOIY BCTPOSCHHOUW (yHK-
LAY regress:

m = 2

t =0.. m

j = 0. m

m1l = 3
t1 = 0 . ml
1 = 0 . ml

Brrumciisiem 3j1eMeHThI MaTpUIbI KOB(l)(l)I/II_[I/IeHTOB HOpMaHBHOﬁ CHUCTCMBI

33

KOMIJEKT 3JIEKTPOHHbIX ,
YYEBHO-METOOUYECKUX MATEPUAJIOB



http://tpu.ru
http://portal.tpu.ru/ido-tpu

gy
ég@’(/ \%’%
é@% ‘ | | e MaTepuansl npegHasHayYeHbl Ana UCNOMNb30BaHUA B YY4EOHbIX Lensx
ity ctyneHtamum NHcTMTyTa gMcTaHuMoHHoro obpasoBanus TIY

o N+l
Ply o = Z <Xi/

U CTOJIOEI] CBOOOIHBIX YWICHOB

o -l
i
b1, - Z y: (Xi>j1
i

Haxogum ko3 puiuenTsl noaMHoMa, pemasi CUICTEMY MaTpUYHBIM Me-
TOAOM:

a - pfl-b al - plfl-bl
OmnpenensieM anmnpokCUMUpyronme GpyHKIuu

f2(z) = Xjat-zt

t

f3(z) = Z altl-ztl

t1

KoadpuiimeHTs TOTMHOMOB CIIEIYIOIIHE:

-0.122
0.701
0.253
a=|-0.76 al = -
2.377-10
0.257
0.017

Breraucnum CTaHAAPTHOC OTKJIOHCHHC

s2- || : 2)-2 (2(x) - v;)? s2 = 0671

s3 - (nlz)-2<f3<xi>yi>2 s3 = 0581
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X
e
f2(z) &;:“
Yi X
X X X X
Z,X.
|
X
K
f3(z)
Yi
X X X
X
X xx&xsr’ig(—g
AKX X X
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3.3.3. AnnpoxkcumManusi JUHEHHOM KOMOMHALMEeH PYHKIUI

MathCAD nipenocTaBisieT MOJIb30BaTENSIM BCTPOCHHYIO PyHKIMIO linfit
JUTSL alllIPOKCUMAIIMU TaHHBIX IO METO/Y HaUMEHBIINX KBaJIpaTOB JIMHEHHOU
KOMOMHAIMEeN MPOU3BOJIHHBIX (DYHKITUM.

Oyukuus linfit iMeeT Tpu aprymeHra:

® BEKTOp X — X — KOOPAUHATHI 3aIaHHBIX TOYEK;

® BEKTOp y — ) — KOOPJAMHATHI 33JaHHBIX TOYEK;

o (ynkuus F — conepxkuT HaOOp (PyHKIMH, KOTOPbIN OyIeT UCIOIb30-
BaThCS JJIsl IOCTPOCHUSI JIMHEHHON KOMOUHAIINY.

3amaeM QyHKUMO F (anmpokcuMupyromas (pyHKIUs) UIIETCS B BHJE

|
a— + bx?):
x+1
o
/~0.802
F(x) = x+1 S = linfit (x,y,F) s =
0.176
o \
OnpenenseM anmpoKCHMHUPYIOIIYI0 QYHKINIO: f4 (x ) = F (x )-S
Brruuciisiem nucnepcuro:
_ 1 N/ BRY: sS4 = 0975
Ol s Z fa(x) - y;)
|
X

f4(z) )ﬁ“
Y, j‘
X X X ) KX
X&/&&%
XK
X X X
xxx&%vﬁ-gi% XX
XS RR
Z,X.
|
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3.3.4. Anunpoxkcumanusi pyHKIHeH NIPOU3BOJIBHOI0 BUIA

Teneps mocTporM anMmpOKCUMUPYIONTYIO (DYHKIIUIO APOOHO-pAIIMOHAIIb-

2
ax .
Horo Ttuma f (x)=——. Jlas aToro Bocnons3yeMcs GyHKuen genfit. ODyHk-

IIUST UMEET CIICAYIONINE TapaMeTPhI:

® X, y — BEKTOPBI, COACpIKAIINE KOOPAUHATHI 3aTaHHBIX TOYEK;

o F — (ynkuwms, 3amaromnias UCKOMYI0O (YyHKIIMOHAIBHYIO 7-TIapaMeT-
PUYECKYIO 3aBHCHUMOCTh U YaCTHBIC TIPOU3BOHBIC 3TOM 3aBUCHMOCTH 10 TIa-

pamerpam;
® v — BEKTOp, 3aJAI0NNI HAYaJIbHbIE MPUONFKEHHsI JIJIS TIOMCKaA Tmapa-
METPOB;
i ,
Uy'Z
u, +2
2
z
F(z,u) = u +z
2
R
<u1 + z>2
1 \
V =
-15 )
i ) < [~2.146
S = genfit X,y,Vv,F =
\-20.85

[TockonbKy HyJeBOH 37eMeHT GyHKIMH F CONEPKUT MCKOMYIO (DYyHK-
U0, oTpeiesisieM (DYHKIIHIO CIEIYIOIUM 00pa3oM:

5(z) = F(z,S),

Breraucnsem Cp€aHecC KBAAPAaTUIHOC OTKIIOHCHUEC

1 2
— N )y _ ,
8= 1T (15(x) ~v;) S5 = 058
i
OyHkuus genfit umeercss He BO Bcex peanusauusax MathCAD. Bos-
MOYKHO, OJTHAKO, PEIIUTh 337a4y, IPOBeIs JIUHEapU3aLuIo.
3ananHasg (QyHKIMOHANbHAS 3aBUCUMOCTh MOXET OBITh JMHEApU30BaHa

1

BBCIACHHUCM IICPCMCHHBIX Z=— U t=—.
y X

37

KOMIJEKT 3JIEKTPOHHbIX FRNDE :
YYEBHO-METOOUYECKUX MATEPUAJIOB


http://tpu.ru
http://portal.tpu.ru/ido-tpu

gy

§Q%§D§ “ | | e MaTepuansl npegHasHayYeHbl Ana UCNOMNb30BaHUA B YY4EOHbIX Lensx
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Torma
1 t
z=—+b—.
a a
X
f5(z)
Yi
X X X
x
X
K BT XK
X X
X:;é§é>«2{< XX X
K X 7
Z,X.

OnpenenuM MaTpuIlsl K0O3PHUITUEHTOB HOPMATILHON CUCTEMBI [8]:
S PENE
[ i [

S hen? IR {Zw

Haxogum ko3 duumentsl QyHKINU, pernas CUCTEMY MaTpHUYHBIM Me-
TOJIOM:

» y - /[~1.218 >

- 15517

OmnpenenseM (QpyHKITHIO:

/o2 0\
z -d
B5(z) = 7/\ 0/

(dy + z>
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Breraucnsem CTaHAAPTHOC OTKIOHCHHC

. 1 N oy )2
% (n2)2<fs<xi/ Yi) S5 = 0.827

Oopamume enumanue! Mpl mnonyuunu apyrue Kodh OUIHEHTHI!
Bcnomuunte, 3a1a4a Ha HaXOXKJACHUE MUHUMYyMa HEJTMHEWHON (PYHKITUH, 0CO-
OCHHO HECKOJBKHX MEPEMEHHBIX, MOKET UMETh HECKOJILKO PEIICHHIA.

CrangapTHOE OTKJIOHEHHE OOJbIe, YeM B CIy4yae anmpoOKCUMAIUH TO-
JUHOMAaMH, MOATOMY CIIEyeT OCTAHOBUTH CBOM BHIOOp Ha ammpOKCHUMAIIUU
MTOJIMTHOMOM.

[IpencraBum pe3ysbTaThl aNpOKCUMAIUU Ha rpadrKax.

f5(z)

X X X X

X X%
<)S<’\’\ ;< (2.8

B Tex cmywasx, xorga (yHKIMOHAbHAs 3aBUCHMOCTHh OKa3bIBACTCS
JIOCTaTOYHO CJIOKHOM, MOXET OKa3aThCs, YTO CaMblil TPOCTOM COCOO Haxo-
XKaeHus: KodhGUIreHToB — MuHuMu3anus GyHkiuonana O «B 100».
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4. YUCJIEHHOE UHTET'PUPOBAHUE

PaccMoTpum uHTerpupoBaHue (QyHKIUNH C HMCHOJb30BaHUEM (opmyl
["aycca, oGnamaromux HauBbICHIEH anreOpandeckod TOYHOCTHIO. [Ipocreii-
e GopMyIbl Tpaneui, cpenaux, CUMIICOHA TTPUBEICHBI B BUE KPaTKOH
CBOIKH (0€3 BBIBO/A).

4.1. KBagparypuas ¢opmyJaa I'aycca

[lycth dyHKIMs 3a7aHa HA cTaHIapTHOM uHTEepBaie [—1, 1]. 3agaya co-

CTOMT B TOM, 4YTOOBI NOAOOpaTh TOYKH 1, t,...,t, U KOIQPHUIUEHTHI

n
4y, A4,,...,A, TaK, 4T0OBI KBagpaTypHas GopMmyia

1 n
[ f® dt:ZlAi J(&) (4.1)
-1 i=

OblJ1a TOYHOM JIJIs1 BCEX MOJMHOMOB HAaMBBICIIECH BO3MOKHON CTETIEHHU.
BBuny Toro, 4yto nMmeerca 2n napamerpoB A;u ¢; (i=1, 2,...,n), a nonu-

HOM cTeneHu 2n—1 ompexaensiercs 2n KodDPUIMEHTaMU, 3Ta HAWBBICIIAS
CTerneHb B obmeM ciydae N =2n—1.

2n-1
3anuuieM noauHoM B Bune f(1)= Y. a; t* wnoacrasum B (4.1):

k=0

1 2n-1 n  2n-1

[ X aptkdt=3 4; Y ap tf;

—1k=0 i=l k=0

2n-1 1 2n-1  =n

Y oap [thdt=Y apy A4tk .

k=0 -1 k=0 =1

[TpupaBHMBas BBIpaXKEHUS NPU OAMHAKOBBIX KOd((UIUEHTAX q; , IO-
Jy4YUM YpaBHEHUSA

171 2

1 n
[thdi=> 4;tk; k=0,1, 2,..., 2n—1;
-1 =1

2
1 _(—]kH = k=27
-1 " 0, k=2-j+1,
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Wrak, 4; ¥ t; HAXOOAT U3 CUCTEMBI 271 yPaBHEHHM:

n
2 4,=2;
i=1
n
2 4;t=0;
i=1

n 2
> A t? =3 (4.2)

Cucrema (4.2) HenHHeﬁHaﬂ U €€ pELICHWE HAWTH JOBOJBHO TPYAHO.
PaccmoTpum emie oaMH mpueM HaxoxaeHus A;u t;. CBOMCTBa IOJIMHOMOB

Jlexxanapa Buna

B(0)=>, " [(x2=1y], n=0,1,2,..

n! d n
TaKOBBI:

) B,()=1, P,(-D=(=1)r, n=0,1,2,..;

2
mn=--m>

1
2) [ Py(x)B, (x)dx=8,,N,,, N ;
)_Jl n(X) By () dx = i

3) nmonuaoMm Jlexanapa P,(x) MMeeT 7 Pas3IUYHBIX U JEHCTBUTEIBHBIX
KOpHEH, pacroyioxkeHHbIX Ha uHTepBaie [—1, 1].
CocTtaBuM 110 y3/1aM UHTETPUPOBAHMSI MHOTOYJIEH 71 -1 CTEIIEHH

W, () =TT (x-x0).
k=1

@ynkuus f(x)=w, (x) P, (x) npu m < n—1 eCTb MHOTOUYJIEH CTEIICHU
He Bbllie 27 —1. 3HauuT 1 3ToM pyHkuuu ¢popmyia ['aycca cpaBeniusa:

Iw (x)P, (x)dx= ZA w, (x) P, (x;,)=0, (4.3)
i=1

TaK Kak w, (x)=0.
Pa3noxxuM w,(x) B ps 110 OPTOrOHAJIBHBIM MHOroO4YwIeHaM JIesxxanpa:
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Wy, (x)= i by B (x);
k=0

1 n
J' w, (x) B, (x)dx= ) b, P,(x)B,(x)=b,N,,=0;
-1 k=0

m<n-—1,

T.e. Bce K0d3(ppuuuents! b, =0 npu m<n-1. 3Hauutr w,(x) C TOYHOCTBIO
70 YUCIEHHOrO MHOXHTeNs coBnajgaer ¢ P,(x). Takum oOpaszoM, y3iaamu

dbopmynsl ["aycca gBisitoTCs HyJIM MHOTOUJIeHa JIexaHnapa CTEeTeHu 7 .
3Has t;, U3 JTMHEWHOW Telepb CUCTEMBI NEPBBIX 7 (4.2) JIErKO HAWTH

k03 dunuenTsl 4; (i=1, 2,...,n). Onpenenurens 5TOW CUCTEMBI €CTh OIpe-
nenurenb Banaepmonaa.

®opmyny [ f (t)dt=§:Al- f(t;), B xOoTOpO#1 f; — HyIu noiauHoma Jle-
21 i=1
xanapa P,(t), a A; onpenensaor u3 (4.3), Ha3pIBAaIOT KBagpaTypHOU GopMmy-
nou ["aycca.
Ilpumep. Bvisecmu xeaopamypuyro ¢opmyny I'aycca ona cayuas mpex
opournam (n=3).
ITonnuaoMm JlexaHipa TpeTbel CTeNEeHU

By(1) =%(513 -31).

Kopnu:
3 3
h=—|=, =0, t3=]=.
1 5 2 3 5
U3 (4.2) umeem
A +A+A43=2;
Farfe
—A +—A =—
57175773
Otcrona

KOMIJEKT 3JIEKTPOHHbIX
YYEBHO-METOAUYECKUX MATEPUAJIOB

g -b
[\

| | IF( Matepuansl npeaHasHa4eHbl AN UCMoNb30BaHNUA B Y4EeOHbIX Liensax
cTyaeHTamu MIHCTUTYTa AUCTaHUMOHHOrO o6pasoBanusa TMY


http://tpu.ru
http://portal.tpu.ru/ido-tpu

‘ MaTepuansl NpegHa3Ha4YeHbl AN UCNONb30BaHUS B Y4eOHbIX Lensx
cTyaeHTamu MIHCTUTYTa AUCTaHUMOHHOrO o6pasoBanusa TMY

_}1 f(t)dtzé[S f(—\/% )+8 £(0)+5 f(\/% ﬂ .

PaccMmoTpum Teneps mpuMeHeHue KBaapaTypHoi ¢opmyisl ["aycca mms
b

BBIUMCIICHUS UHTErpajia ¢ He €IMHUYHBIMU NpeAeaaMu _[ f(x)dx:
a

b+a b-a
+
2 2

xX=

[Tomyunm

b
ff(x)dx:b jf(b+a bzat]dt;

b
jf(x)dx=

rae
b+a b- a,
X; = +— l _1 2
2 2
t; — Hy nonuHoma Jlexannpa P, (¢), 1.e. B,(¢;)=0.
OcraTounsblil uneH ¢popmyisl ['aycca ¢ y3namu Beipaxkaercsa popmyion

_ (b—a)2Hl(n)) (2
" 2n+1) [(2n)!]3f ©.

1
R= 135( j IS

Ortcrona cienyer:

1 (b-a
= — (6) .
Ry 15750( jf ©;

1 b—a
= ©®)
Ry 3472875( 2 jfg@

U T.AO
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4.2. IIpocreiiine KBagpaTypHbie (pOPMYJIbI

[IpuBenem cBOJKY pssia mpocTeUux (GopMya, UCIOIb3YEMbIX B MpaK-
THUKE YUCJICHHOTO MHTETPUPOBAHUS.
dopmyna Tpaneuui:

b
jf(x)dxzh(%fo +fi+ ---+fN—1+%fNj5

b
R~ —élﬂ [ f"(x)dx=0 (h2), (4.4)

h=x; —x;_; =const,

rae R —norpemHocts (GopMyibl;
/; — 3HAYEHUs] UHTETPUPYEMOM (PyHKLIUU B y3J1ax.

dopmyna CpeHUX:

— -
i=1 2

b N
[f(x)dx=hY f 1;

b
R zihz [ /"(x)dx=0(h2).

®opmyna Cumicona:

N

b 2
[/ de=3 X it A4S+ i) 4.5)

1 b
Re——h4[ fH(x)dx=0 (h%).
™ CJlf (x)dx=0(h*)

4.3. Metoax MonTe-KapJio

Xotsa MathCAD 103BOASIET BBIYUCISITh KPaTHBIE UHTETPaAJIbl HEOCPEI-
CTBEHHO, OJJTHAKO B OOJILIIMHCTBE CIy4yaeB MPU KPATHOCTH MHTETPAJOB TPeX
u 6onee mnpumeHeHue wMeromaa Monte-Kapino mnpennoururensHee. Jlemo
B TOM, [P OAMHAKOBOM TOYHOCTH MeTOX MoHTe-Kapiio naer cyniecTBeHHbIM
BBIUTPBIII BO BpeMEHHU (B JECATKH W COTHU pa3), OCOOCHHO MpH OOJBIION
KpaTHOCTH MHTErpajioB. Mes MeTosia COCTOMT B TOM, YTO MHTErpaJl 3aMEHs-
eTCsl BEIMYMHON F 'V, Tae V — 00beM 00nacTd MHTErpUpOBaHus, F o, —

CpelHee 3HAUCHUE IMOABIHTErpaIbHON (YHKIMH, BBIYUCIEHHOE 1O HECKOJIb-
KHUM CITy9aifHO BRIOpaHHBIM TOUYKaM.

KOMIJEKT 3JIEKTPOHHbIX
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OnpenenuM NOABIHTErPATbHYI0 (DYHKIIMIO
f(x,y,z) = 125 — x2 - y2 - 2°

Y BBIUMCIIUM HHTETPaAT OOBIYHBIM CIIOCOOOM (0Opamume éHUMAHUE HA 8pe-
Ma cuema!):

1 1 1
f(x,y,z) dz dy dx = 124
0 0 0

A Tenepb BBIUKMCIMM TOT K€ HHTErpai meroaoM Monre-Kapino:

N = 3000 i =0. N — 1
X, = md(1) y; = rmd(1) z, =rmd(1)
v o= f(xi,yi,zi> mean (v) = 123.

[TockonpKy B Hamiem cirydae o0beM 00JaCTH MHTETPUPOBAHUS paBeH 1,
MOJIyYEHHOE CpEJIHEE 3HAYCHHME COBIIAJAET CO 3HAaYeHWeM uHTerpana. [Ipu
oTHOocUTENbHOM norpemwtHocTH B 0,001 % BpeMs BbIUMCIIEHUS MHTErpaia o
Metony MonTte-Kapio cymecTBeHHO MEHBIIIE.

WNHTerpan MOKHO BBIYUCIUTH U APYTHUM CIIOCOOOM. 3aKiIIOUrM 00J1acTh
WHTETPUPOBAHUSL BHYTPh MPSMOYTOJIBHOW 00JacTH, «HabOpocaem» BHYTPhb
MOJIy4eHHOM o0macTu N clly4ailHbIX TOdek. Torga mHTErpana HaljeM U3 Co-

n
OTHOIIICHHUS I=E.V, rae N — oOlIllee 4YMCIIO TOUEK, N — YHUCJIO TOYEK, JIe-

JKalUX BHYTPH O0JaCTH MHTErPHPOBaHUS, V — 00BEeM 00JIaCTH, BKJIIOYAIO-
el 00J1acTh HHTETPUPOBAHMUS.

MakcumanbHOE 3HaY€HHE TOJABIHTErPaTbHON (PYHKIIMKM B OOJACTH HH-
TETPUPOBAHUA HE MPEBOCXOAUT 125, ciaegoBaTeabHO, Mbl MOXKET 3aKIIOUUThH
BCIO 00JIaCTh MHTETPUPOBAHUS BHYTPh YETHIPEXMEPHOTO IIJIMHIPOUIA BBI-
coroit 125 u oobemom V = 125. Crenepupyem N 4eTBEpOK CIy4alHBIX UH-
CeJI ¥ IOJICYUTAEM, CKOJIBKO U3 HUX JIEXKUT IOJ MOBEPXHOCTHIO f (X, Vv, 2):

B N \ \
t, = rnd (125 ) S = Z'f<ti<f<xi’yi’zi/ ' 1.0)
i
S
N
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S. PEHIEHHUE
JINOOEPEHIIUAJIBHBIX YPABHEHUH

5.1. O0bikHOBeHHbIE MU G epeHIuATbHbIC YPABHECHUS

[TycTh HEOOXOIMMO HAWTH PELLICHUE YPaBHEHUS
!
y=1(xy) (0.8)
C Ha4yaJIbHBIM yCloBUEM Y(X,)=y,. Takas 3ana4da HaspiBacTcA 3a0aueit Ko-

wiu. Pa3noxuM NCKOMYIO QyHKUUIO )(X) B psil BOJIU3U TOYKH X, U OTPAHU-
YUMCSI IEPBBIMH JIBYMSI YICHAMH Pa3JI0KEHUS:

y(x)=y(xg)+ Y (XN (x—x0) +....

Vurs ypaBaenue (0.8) u 0003HauuB x — X = /1, IOJIy4aeM

y(x)=y(xp)+ f(x9, yo)Ax.

Oty popmyiry MOXKHO TPUMEHSATH MHOTOKPATHO, HAXOs 3HAYCHUS (DYHKITUU
BO BCE€ HOBBIX U HOBBIX TOUKaX:

Vi =Yi+tf(x, yh. (0.9)

Takoit Metos pemieHus 0OBIKHOBEHHBIX AuddepeHInaIbHbIX YpaBHe-
HUW HA3bIBACTCS Memooom Jiinepa. I'eoMeTpuuecku MeTo 1 Dilliepa 03HaYa-
€T, YTO Ha Ka)XJOM IlIlare Mbl anmpoKCUMHUPYEM peElIeHHe (MHTETpaIbHYIO
KPUBYIO) OTPE3KOM KacaTeJIbHOM, MPOBEACHHOMN K rpauKy peuieHus B Havya-
Je uHTepBasia. TOYHOCTH METO/A HEBEJIMKAa M MUMEET MopsAlaok Ah. I'oBopAr,
YTO METOJ Diljiepa — METOJ MEPBOro MOPSIIKA, TO €CTh €ro TOYHOCTh PacTET
JMHENHO C YMEHbIIEHUEM 11ara /.

CymiecTBYIOT paziauyHble MoAWGUKAIIMA METoJa Diepa, MO3BOJISIO-
[I1€ yBEJIMYHUTh €ro TOYHOCTh. Bce OHM OCHOBaHBI Ha TOM, YTO MPOU3BOJI-
HY10, BBIYMCJICHHYIO B Hayalle MHTEpBasa, 3aMEHSIOT Ha Cpe/iHee 3HAYCHUe
MPOU3BOAHONW HA JaHHOM HHTepBajie. CpelnHee 3HAYEHUE MPOU3BOIAHOM
MO>KHO TMOJYYUTh (KOHEYHO K€, TOJIBKO MPUOIMKEHHO) Pa3TUYHBIMU CIIOCO-
06amu. MOXHO, HanpuUMep, OLIEHUTh 3HAY€HHE MPOU3BOAHON B CEpeNHE UH-
TepBaia

[x;s Xit1]

H UCIIOJIB30BATh €T0 AJIA alllIpOKCUMAIMU PpCIICHUA Ha BCEM HHTCPBAJIC
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X | =x+=;
i+
2

h
Y. 1=J’i+5f(xi> Vi)

i+—
2

Yin=yithflx 1, ¥y i
l+5 l+5

MO3KHO TaKKe OLCHUTH CPEIHEE 3HAUECHHE IIPOM3BOIHOM HA HHTEPBAIIE
Vi =Yithf(x, »);

SO Y+ S (K )7i+1).
2

Taxue Mmonudukanuu Meroa Diiepa UMEET yKe TOUHOCTh BTOPOTO MOPSIKA.

OrneHKy 3HaYeHUS] MPOU3BOJAHON MOXKHO YJIYYIIUTbh, YBEIUUMUBAS YHCIIO
BCIIOMOTaTeNbHBIX maroB. Ha mpakTuke Hanbojee pacnpOoCTpaHEHHBIM Me-
TOJIOM peIIeHUs] OOBIKHOBEHHBIX AU(depeHInaIbHbIX YPaBHEHUH A61s1emcs
memoo Pynze — Kymmul yetBepToro nopsiaka. Jlis olleHKH 3Ha4eHHUs IMpo-
W3BOJHOW B ATOM METOJE€ HCIOIB3yeTCS YEThIpE BCIIOMOTATENbHBIX Ilara.
®opmynsl meTona Pynre — Kyrtrtsl cnegyronme:

Vis=yit+h

K=hf( »)

Ki=hf xl-+ﬁ, yl-+ﬁ;
2 2

. h i

kKi=hf Ay yﬁ'?z;

ky=hf (x;+h, y;+ki);

Ay, =%(k{+2k§ 20 +kD);

YVir1 =i tAy;.

[lepeuricieHHbIE METOABI MOXXHO TPUMEHSTh U NIl PEHICHUS CHUCTEM
muddepennnanbubix ypaBHeHuil. [lockonbky mHorme nuddepeHuanbHbe
YpaBHEHUS BBICIIUX TOPSAIKOB MOTYT OBITh CBEJACHBI 3aMEHOM MEPEMEHHBIX
K cucteMe nuddepeHIManbHBIX YPaBHEHUHN MEPBOTO MOPSIKA, PACCMOTPEH-
HBIE METOJIBI MOTYT OBITh MCIIOIB30BAHBI U JJIsi perieHus nudQepeHmanb-
HBIX YpaBHEHUI MOPSIKA BHIIIE TIEPBOTO.
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Eme oauH THO 3a/a4, 4aCTO BCTPEYAOMIMXCS HA MPAKTHUKE, — KPAeBbIC
3agaun. Ilycts umeercs auddepeHnraabHOe ypaBHEHHE BTOPOTO IMOPSIKA
v"= f(x, y, y'). Pemienue ypaBHeHus TpeOyeTcs HaiiTh Ha uHTepBaie [0, 1],

npudyeM u3BecTtHO, 4To y(0)=y(, y(1)=y;. IloHATHO, YTO NPOU3BOJLHBIN

MOJKET OBITh CBCACH K CU-

WHTEpBAI [a, b] 3aMEeHON TTEPEeMEHHBIX ¢ = 5
—a

HUYHOMY. Jlnsi peieHus KpaeBod 3amauv OOBIYHO MPUMEHSIOT Menmoo
cmpenvo. Ilycts y'(0)=k, Tne k — HeKoTOpPHBIA mapameTp. JJIT HEKOTOPOTO
poOHOro 3HAYEHUS k MOXET ObITh pelieHa 3afava Koim, Hanpumep, MeTo-
noMm Pynare — Kyrtel. [lonydenHoe pemieHue OymeT 3aBHUCETh OT 3HAYCHUS
napameTpa y = y(x, k). Mbl XOTUM HaliTU TaKO€ 3HAUYCHUE MapaMeTpa, YTOObI

BBINOIHAIOCH yenoBue y(1, k)=y,;. @akTuuecku Mbl CBEIH UCXOAHYIO 3a/a-
4y K 3aJja4y€ pelIeHusi TPAaHCUEHACHTHOTO YPaBHEHUs C TaOJIUYHO 3aJaHHOU

dbyukiuen. Ecnu HaliieHpl Takue 3HAYeHUs mapameTpa ky U kp, 4TO
v, ky)>y; ny(l, k) >y, To nanpHEHIIee yTOUHEHNE 3HAYEHHs ITapaMeTpa

MOXHO IIPpOBOAUTHb MCTOAOM JACIICHWA OTPC3Ka ITOII0JIaM.

5.1.1. Meton Ditniepa nis nuddepeHuuaAIbHbIX YPABHEHU
NepBoOro NopsiaKa

Pemum 3amauy Komm ans auddepeHunansHOTO ypaBHEHHS TEPBOTO
nopsiaka y' = f(x,y) meromom Diinepa.
ITycTh npaBast yacTh ypaBHEHHsS paBHa f( X,y ) =x'y

3aﬂaﬂHM 'paHulbl U3AMCHCHUA X! X 1 =0 X max = 1

3agaauM 4UCIIO TOYEK U BEJIMUMHY IIAra: X i, =0  x
3a1a1MM HaYaJabHbIC YCIIOBUS: Yo~ 1 Xy =X min
Boeraucium x u y o ¢popmynam Diinepa j=1.. n:
X =X in ©J°h

=y, f<x Y. >-h
Vi ¥ Y

[IpencraBum pe3ynbTaT TpadUuecku U CPaBHUM €T0 C aHATUTHICCKUM

pELICHUEM:
2

yl(x) ~exp|
2|

z.=0,0.1..1 k=0..n
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— TouHoe pemeHue
MeTton Ditnepa

To4yHOE aHATUTUYECKOE PEIIEHHE U PEIICHUE, MOJYYEHHOE YHMCIICHHO,
OTJIMYAIOTCS B TOUKEe x = 1 Ha yl(1l) - y, = 0.102.

yl(l) -y,

To ecTh OTHOCUTEBHAS OIIMOKA COCTABIISET W =6.163-%

5.1.2. Pemienue cucrem nu¢depeHuuaJIbHbIX YPaBHEHHUI

Hns pemenust auddepenunanbablx ypaBHeHut MathCAD wumeet psn
BCTPOEHHBIX (YHKIUI, B 4aCTHOCTH, QyHKIUIO rkfixed, peanusyrouryo me-
ton Pynre — KyTThl uetBepToro nopsiaka ¢ GpukcupoBaHHbIM maroM. OakTu-
YecKU 3Ta (PyHKUUS MpeAHa3HAYeHa IJisl PEelIeHHs cucTeM TudQepeHmaib-
HBIX YpaBHEHUH MEPBOro MOPSAKA:

N=HE Vi Y2seesVn);

y'2 :fZ(x= Yi» y2=---:yn);

.............................

yi,/z :fn(xa Y1» y29'-'=yn)'

Oyukuus rkfixed(y, x1, x2, npoints, D) Bo3Bpamiaet matpuily. [lepBoiit
cToJIOeIl ATOM MaTpHUIIbl COACPKUT TOYKHU, B KOTOPHIX MOJYYEHO PEIICHHUE,
a OCTAJIbHBIC CTOJIOIBI — PEIIECHUS U €T0 TIepBbie #—1 MPOU3BOJIHBIEC.
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ApryMeHTbl QyHKIUU:

® y — BEKTOP HaYaJIbHBIX 3HAYEHUH (M 3JIEMEHTOB);

e x1 1 X2 — rpaHulbl UHTEPBAJIa, HA KOTOPOM HIIETCS pelieHue aud-
(bepeHIanbHOrO YpaBHEHUS;

e Npoints — 4uciio TOYEK BHYTpH HHTepBasia (x1, x2), B KOTOPBIX
uiercs peuienne. Oynkius rkfixed Bo3BpanaeT MaTpuily, COCTOSIIYIO U3
1+npoints cTpok;

e D — BEKTOp, COCTOSIIMUA U3 N 3JIEMEHTOB, KOTOPBIA COAEPKUT MEP-
BBIE TIPOM3BOJIHBIE UCKOMOU (DyHKITUH.

B xauecTBe mpuMepa paccMOTpPUM peElIeHHe cucTeMbl BoapTeppa —
Jlotku. DOta cucTtemMa ONUCHIBAET JMHAMUKY YHMCIEHHOCTH XHUIIHUKOB
Y )KepTB HA 3aMKHYTOM apeasie U SIBISIETCS OJHOM U3 0a30BbIX MOJIENEH KO-

JIOTHUU:
dN;
—=Ny(&g1—72Ny);
Jt 1( 1772 2)
dN,
—==N,(&, —7V).
dr 2( 2=Y1VY)
s pemennsi cucteM auddepeHITnaIbHbIX YPAaBHCHUH UCIIOIB3YOTCS
byukus rkfixed.

Buumanue! B >tom npumepe ycraHoBieHo 3HaueHne ORIGIN=1, to
€CTh HyMEpalMs 3JEMEHTOB MAacCHBa HAYMHAETCS C €IMHUILBI, @ HE C HYJI,
Kak 310 npuHATO B MathCAD 110 yMOJIYaHHUIO.

ITycTh B HaYaJIbHBI MOMEHT BPEMEHH YHUCJIO XUITHUKOB N| =5 U 4uCII0

xeptB N, =10. 3agaem:

5
® BEKTOp HAYAIbHBIX 3HaYeHUH N '~ ( ;

10
(0.1 0.03
® [1apaMeTpbl CUCTEMBI ¢ .~ 03 Y = 0.04 ;
® UHTEpBal BPEMEHHM U KOJIMYECTBO TOYEK, B KOTOPBIX OyIEeT BBIUHC-
JIeHO pereHne b,y = 200 npoints = 40C;

® BEKTOp NpaBbIX 4YacTel CHUCTEMBbI (IIOCKOJBKY HCXOJHAs CUCTEMaA
HE 3aBUCHUT SBHO OT BpeMeHH f, GyHKIHMI D Tak ke HE 3aBUCUT OT BPEMEHU

SABHO, XOTA U CO,Z[Gp)KI/IT €Iro B 4YHUCJIC CBOUX aPFYMeHTOB)
Ny <8 . y2'Nz>
D(t,N) - :
,N2. <82f 'Y 1N
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PemaeM cucteMy ¢ MOMOIIbIO BCTPOSHHOM (PYHKITUN

Z = rkfixed <N, 0,t npoints D)

max’ y

k = 1..npoints

[IpencraBum Ha rpaduke pe3ynbTaThl pacueTa — 3aBUCUMOCTb YUCIICH-
HOCTH ITONYJISINUN OT BPEMEHHU

40 | | |

0 50 100 150 200

2 1%

M 3aBUCUMOCTD YMCJIa KCPTB OT YKUCJIa XUIIITHUKOB!

15 | |

)

[ <>
MOo3KHO HCITONIb30BaTh 0603HaYeHust \Z  /, uin Z, . — 3TO OJIHO U TO Ke.

[Tockonpky auddepeHnraibHoe ypaBHEHNE TOPSAIKA BbIIIE MEPBOTO MOXKET
ObITh MpeoOpa3oBaHO K cucTeMe AU(depeHIUaTIbHbIX YPABHEHUN MEPBOTO
nopsiaka, GyHkuus rkfixed Mmoxxet ObITh UCIIONB30BaHA U JJIA PEIICHUS TUd-
(bepeHInaIbHBIX YPaBHEHHH.
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5.1.3. Pemienue qudpepeHiuaIbHbIX YPABHEHU
MeTo10M Pynre — KyTThI

Pemum eme pa3 3amauy Kommwm st nuddepeHnanbsHOr0 ypaBHEHUS
nepBoro nmopsigka y'= xy metogom Pynre — KyTThr.

3aaiuM TpaHUIIbl U3MEHECHUS X: Xmin —

3aga MM YKCIIO TOYEK BHYTPH MHTEpBaia: n = 10 -
3ajanum HadanbHble ycnoBus Y, — L.

Oopamume enumanue Ha o06o3nauenus! IlocKoIBKY MBI periaem
TOJIBKO OAHO Au(depeHnaIbHoe ypaBHEHUE MTEPBOrO MOPs/iKa, a HE CHCTE-
My auddepeHunanbHbIX YpaBHEHUW, MaTpulla ) COJEPKHUT TOJbKO OJWH
AJIEMEHT, OJIHAaKO 3amuch y = 1 ObuUia Obl HempaBUIbHONU. HeoOX0IuMo SBHO
YKa3bIBaTh Ha TO, YTO BEJIMYMHA Y — MAaTPULIA, TO €CTh IUCATh UHEKC.

Omnpenenum Tenepp MaTpUIly MPOU3BOJHBIX. DTa MaTpULIA TOXKE COCTO-
UT TOJBKO U3 OJHOIO 3JEMEHTA. DTOT HJIEMEHT C TOUYHOCTHIO 10 0003Haye-
HUI COBMAJaeT C MPaBOM YacThIO MCXOAHOTO MU (epeHIHaTBLHOrO ypaBHe-
HUus: D(X,y) =YX

Pemaem nuddepeniinansHoe ypaBHEHUE:

7 = rkﬁxed(y,xmin,xmax,n,D>
%
k =0. n yl (x) —exp | — z —=0,01 ..1
\ 2
1.5
Zk,l
+ -+
yIC2)
1 J_—’#_‘/‘_/
0 0.2 0.4 0.6 0.8 1
Zk,O’Z
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To4yHOE aHATUTHUYECKOE PEIICHUE U PEIICHUE, MOJYYEHHOE YUCIICHHO,
<1>) —7
OTJINYAIOTCA B TOuke X =1 Ha yI(1) - <Z )y = 2.636°10 .

OTtHocuTenbHas OIMMOKa COCTABISAET

iy - (27

yl(1)

=1.59910 ° %

5.1.4. Pemenue nudppepeHiuaIbHbIX YPABHEHU
BTOPOI0 MOPSIAKA

B kadecTBe mpHMepa PElIMM 33jady O FapMOHMYECKOM OCLUJLIATOPE,
JUIsL KOTOPOTO M3BECTHO aHAIMTHYECKOE PEIICHUE U JIETKO MOKET OBITh OIle-
HEHa TOYHOCTh BhrMcleHui. JudepeHnyansHoe ypaBHEHHE BTOPOTO IO-
pszKa
Y'+2ByY +®2y=0

npeoOpasyeM K CHCTEME M3 ABYX (G epeHIranbHbIX YPaBHEHHH EPBOTO
nopsaKa

Y=x;

x'=-2Bx—w?y.

Ilycte nmexkpemeHT 3aryxaHus B — 0.0 . IlycTep nukiamdeckas gacrora
[0

o = 1-3a1aauM HadaJbHbIC YCIOBHA: y = \

3Ha4YeHUE J() COOTBETCTBYET HAYAIbHOM KOOPAUHATE, a y] — HAYAJIBHOU
CKOpOCTH. 3agaaum tenepb Matpuiy D. C y4eToM TOTo, YTO UCKOMasi BEJIH-
YHMHA COOTBETCTBYET HYJIEBOMY JJIEMEHTY MAacCHBa y, €€ IepBas MPOU3BOI-
Has — IEpBOMY, a BTOpasi — BTOPOMY, UMEEM

Y

D(t,y) = 5
,2By1 - ® yO

Z =rkfixed (y,0,5-1,100,D).

[IpencraBuM pe3ynpTaThl pacueTa Ha rpapuke U CpaBHUM HX C aHAJIU-
THYECKUM pemenueM f(x) =y -exp(-f-x)-cos (o -X)

k01 x =0,01 ..5m
k01
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— N —

%)

++t 0
)

40

JIJist KOHTPOJIS TOYHOCTU BBIUUCICHUN HapucyeM (pa3oByIO TPAEKTOPHIO
(3aBUCUMOCTbH CMEILEHUS OT CKOPOCTH). JJIsi rapMOHUYECKOr0 OCHUIUISITOpa
¢dazoBas TpaeKTOpUs JOJKHA UMETh BU/I AILITUIICA.

-1 0 1

Zk,l

Ilpumeuanue: MathCAD vmeer eiie n8e GYHKIUU IS PEIICHUS 3a]1a-
yn Kommu. Oto pyukiuu Rkadapt v Bulstoer. Ot GyHKIUU UMEIOT T€ K€
camble apryMEHTBI ¥ BO3BpAIAIOT PEUICHUs B TaKOH ke popme, 9To U HyHK-
s rkfixed. IlepBas u3 >tux QyHKui ucnonas3yer metoq Pynre — Kyttol
C IEPEMEHHBIM IIaroM, YTO MO3BOJISIET MOBBICUTH TOYHOCTh BBIYUCICHUN
U COKPATHTh UX 00BEM, €CITH UCKOMOE PellIeHUEe UMEET 00JIacTH, T €€ 3Ha-
YeHUS MEHSIOTCS OBICTPO, W O0JacTH IUIABHOTO W3MEHEeHUs. DyHKIus
Rkadapt Gynetr BapbupoBaTh BEJIIMUMHY IIara B 3aBUCHUMOCTH OT CKOpPOCTHU
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VU3MEHEHHUSI PELICHMUS.

Oynkuus Bulstoer peanuzyeT MHOW YMCICHHBIM MeTon — meron by-
nupwa — [répa. Ee cienyer npuMeHsTh, €CIM U3BECTHO, YTO PELICHUE SIB-
JSIETCS TTIAKON (QYHKIHEH.

5.1.5. Pemienue KpaeBoii 3a1a4u

[lycts TpebyeTcss HalTh penieHue AU(GPEPEHINATLHOTO yPaBHEHHUS
y'+2By+wfy=0 npu ycnosusax y(0)=1u y(51)=0.

[Ipu 3HaYEeHUAX apaMeETPOB B =0l; g =1

Jlns pemieHusi KpaeBoW 3ajayMl MMeeTcs BCTpoeHHas (pyHkius sbval,
peanu3yromas MEeToJ CTPEIbO U MO3BOJISIONIAs CBECTH KpPaeByIo 3aady K 3a-
nagye Komm.

Oyukuus shval nmeet ciieyronue napamMmeTphbl:

® v — BEKTOp, COJCPKAIIUI HadaIbHBIE TPUOIKEHUS IS HEIOCTAr0-
IIMX HaYaJbHBIX YCIOBHIA;

® Xmin» Xmax — TPaHUIIBI HHTEpBaja, HA KOTOPOM HIIETCS PEIICHHUE;

e D(x, y) — BekTOp-(QDYyHKIIMS, COAEpKAIIUM MpaBble YaCTH CUCTEMBI
muddepeHnanbHbIX ypaBHEHUN MEPBOro MOPsAKA, SKBUBAJIEHTHON HCXO/-
HOMY YpPaBHEHHIO, pa3Mep BEKTOpPA 1 COBIAJIAET CO CTENEHbIO CTapIIeH Mpo-
W3BOJIHOM au(depeHIInaTbHOT0 YpaBHEHNUS,

o load(xmin,v) — BeKTOP-GyHKIINSA, YJIEMEHTHI KOTOPOH COOTBETCTBYIOT
n 3Ha4YCHUSAM (QYHKIIMI Ha JeBOW rpaHuile MHTepBajia. YacTh 3TUX 3HAUCHUU
U3BECTHA, a JJIS YacTH 3aJlaHbl HadajbHbIe MPUONMKEHHUS B BeKTope v. Mx
YTOYHEHHBIE 3HAYCHUS OyTyT HalCHBI B TIPOIECCE BHIYMCICHUS;

® score(xmax,y) — BeKTOp-QyHKIHUS, UMEIOLIAsl TO K€ YUCIO dJIEMEH-
TOB, yTO U v. Kaxkioe 3HaueHHe SBIISETCS PA3HOCTHIO MEXKIY HadaJbHBIMU
3HAYEHUSAMH B KOHEYHOU TOYKE MHTEpBaJIa U COOTBETCTBYIOIICH OILICHKU JJIsi
peleHusi. ITOT BEKTOp MOKAa3bIBACT, HACKOJIBKO OJM3KO HAalJEHHOE peleHUEe
K HICTUHHOMY.

Hamra 3agada cBoguTcst K cucteMe ABYX Au(¢epeHlInaIbHbIX ypaBHE-
HUU IIEPBOTO NOPSIKA:

V'=z
z'=-2Bz—w}y.

[Toatomy dyukums D umeer Bua

Y1
D(t,y) = 5
72.B.yl7 (0 0 -yO
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3ajaeM rpaHUYHbIC YCIIOBUS:

Xmin 05 Xpax =37,

3anaya Komm mist nuddepeHanbHOro ypaBHeHHsI BTOPOrO MOpsAKa
COJIEP>KUT JIBa HAYaJIbHBIX ycioBusl. HaMm n3BecTHO ToJIbKO 0HO. HauanbHoe
NpUOJIMKEHUE ISl HEJOCTAIOIIEr0 3HAUYCHUS 33J]a€M B BEKTOPE v, KOTOPbIN
B HallleM CJIy4ae COCTOUT TOJIbKO M3 OJHOTro 3nemeHTa. HecmoTps Ha 3TO,
uHjekc 0 MOoKeH OBITh 0053aTeNIbHO yKa3aH, YTOObI MOAYEPKHYTh BEKTOP-
HBIN XapakTep 9TOW BEMHMIUHBL: V= 0.1,

Ha neBoii  rpanunie WHTEpBAJlAa HAM  U3BECTHO  3HAYCHUE
y ( y(O):l)) Y 33J]aHO HadaJbHOE MPUOIMKCHHUE A )’ ( y':O). DTO 3HaYe-

HHE 3allCaHO B V. 3aJacM BeKTOp-QyHKIMIO load. Ee HyleBO#l 21eMEHT —
HayalbHOE 3HAYCHUE IS V), IEPBBIA — I )|

/1
Yo

X D, load , score >

load <x min ,V> = score <Xmax,y> =Y, 0

o {
S =sbval V> X min> X max-
S =12.511

Tenepb, Korja HaM CTaJI0 U3BECTHO HEJOCTAIOIIEe HAYaIbHOE YCIOBUE
B 3a7a4e Ko, M0OXKHO BOCTIONIb30BAThCs, Hanpumep, byukiueh rkfixed:

1

n =500 1:=0..n y = 3
0
Z = rkﬁxed(y » X mins X max 2005 D>
| | |
10 — -
Zi,l 0=
ST | | |7
0 5 10 15
Zi,O
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5.1.6. Pemienue 00bIKHOBEHHBIX AU(epeHIIHATbHBIX
ypaBHennii B MathCAD

MathCAD npennaraeT HOBBIM CIOCOO Uit pelIeHUsT OOBIKHOBEHHBIX
nuddepeHIanbHbBIX YPaBHEHUHM, pa3pelieHHbIX OTHOCUTEIBHO CTapIiei
MPOU3BOIHOMN. JJIsT ATUX IHENIel CIyXUT YK€ U3BECTHBIN HaM OJIOK given co-
BMeCTHO C¢ (yHKIuen odesolve. luddepennnanibHoe ypaBHEHHUE COBMECTHO
C HaYaJIbHBIMU WUJIM TPAHUYHBIMU YCIOBUSIMH 3alMCHIBAE€TCS B OJIOKE given.
[TpousBoaHbie MOKHO 0003HauUaTh Kak mrpuxamu (Cerl+F7), Tak u ¢ TOMO-

. d
b0 3HAKa IIPOU3BOAHOU d_ HpI/IBeI[eM IIpUMCP HCIIOJIIB30BAHUA (I)YHKIII/II/I
X

JUTA pemenus 3aaaan Komm:

B:=0.1
Given

x"(t)+2-[3-x'(t)+x(t):0

X := odesolve (t, 5- n,O.l)
t:=0,0.1.5- ¢

x(t) 0 ]

Oo0patute BHUMaHue! Y HCKOMOW (DYHKIIMM SIBHO YKa3aH apryMEHT,
3HAK MPOU3BOJIHON CTOUT MEpe]] CKOOKOIA.

Oynkuus odesolve wumeer Tpu apryMmenTta. [lepBblii apryMeHT — He3a-
BHCHUMAas MEpPEeMEHHas, BTOpas — rpaHUlla MHTEpBaja, Ha KOTOPOM HILETCS
penieHre, MOCieIHUI apryMeHT — Iar, ¢ KOTOpbIM uiercs peuienue. I[lo-
CJICTHAN apTYMEHT MOXKET OBITh OITYIIICH.
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Crnenyromuii mpuMep JEMOHCTPUPYET pelieHne KpaeBou 3amauun. Hc-
MOJI30BaH JIPYTrOM CHOCOO 3amucH MPOM3BOJIHBIX, UCIOJNIb3yeTcs odesolve
GyHKIUS ¢ IBYMST apTyMEHTaMU:

Given

2
dt—zx(t)+2-B-%X(t)+X(t)=O
x(0)=1

x(5-n)=o.1

x := odesolve (t,5 . TC)
t:=0,0.1.5-=«

20

x(t) 0~ ]

—20

5.2. PemieHne ypaBHeHHMd B YACTHBIX MPOU3BOAHBIX

OpauM U3 MEeTOMIOB penieHus AuddepeHITnaIbHbIX YPaBHEHUH B YacT-
HBIX MPOU3BOJHBIX SIBISIETCS Memood cemok. Vnes mMerona 3akirovacTcs
B cieayromeM. [[ns mpocTOThl, OrpaHUYMMCSl CIy4aeM TOJIBKO (PYHKIUHU
JIBYX MEPEMEHHBIX, U OyJleM MoJiaraTh, YTO PEIICHUE YPaBHEHUS HILETCS Ha
KBaJpaTHOM 00JacTu eIMHUYHOTO pasmepa. Pazoorem obsacth cetkoit. Illar
CETKH 0 OCH X U TI0 OCH Yy, BOOOIIIE TOBOPS, MOXKET OBITh pa3HbIid. [1o ompe-
JICJICHUIO YacTHAsI IIPOU3BOTHAS

ou(x, y) lim u(x+Ax, y)-u(x) u(x+Ax, y)—u(x)
Ox Ax—0 Ax Ax '

Ecnu paccMarpuBaTh (DyHKLIHIO TOJIBKO B Y3JIaX CETKHM, TO YaCTHYIO
MPOU3BOJHYIO MOKHO 3aIucaTh B popMme
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ou(x, y) Uiy, —U
ox h

rjae y3en (i, j) cooTBeTcTByeT Touke (x, )). IlomydeHHOe BbIpa)keHHE Ha-

b

3bIBACTCA npaeoii KOHEUHOI PA3HOCMbIO. HazBanue cBs3aHO C TEM, UTO IJIA
BBIYHCIICHUA HpOHSBOHHOﬁ B TOYKC HCIIOJIL3YIOTCA 3HAYCHHC (bYHKI_[I/II/I
B OTOM TOYKE U TOYKCE, JIexKanien ITpaBce. OIICBI/II[HO, 4TO CXOJHOC€ BBIpaXKEe-
HHE MOYKHO OBLIO OBI IMOJYYHTB, UCIIOJIBb3YA TOUKY, JCKAIIYIO CJICBA:

Ou(x, y) Uij~Ui,
ox h
Takoe BbIpa)K€HME HA3BIBACTCS JIEBOM KOHEYHOW Pa3HOCTHIO. MOKHO

IIOJTyYUTh LEHTPAIBbHYIO KOHEUHYIO Pa3HOCTh, HANIA CPEHEE ITUX BBIPAKECHUM.
Tenepp Moy4rM BBIPAKEHHUS U1 BTOPBIX IPOU3BOIHBIX

O%u(x, y) Uirl,j —2u; Ui,
ox2 h2
B nmanHoMm citydae ISl HaXOKIEHHS MPOU3BOJHON MBI HCITOJIB30BaIN

CUMMCTPHUYHBIC TOYKH. OI[HaKO, O4YCBHIHO, MOXKHO OBUIO OBl MCITOJIB30BAThH
TOYKH C HCCUMMCTPHUYIHBIM PACIIOJIOKCHHUCM.

5.2.1. YpaBHeHusi runep001u4eCKOro THIA

B kauecTBe mpuMepa pacCMOTPUM pEIICHWE BOJIHOBOTO YypaBHEHUS
(YpaBHEHUS TUTIEPOOIMUECKOTO TUTIA)

U 10U
0x2 v2or2’

VYpaBHeHue OyzieM peniaTb METOJOM CETOK. 3aluIlleM ypaBHEHUE B KO-
HEYHBIX Pa3HOCTSIX

Uiyl — 205+t 1 Uy g — 20+
2 2 2

OTO ypaBHEHHUE IMO3BOJISIET BBIPA3UTh 3HAUYEHHE (PYHKIMH U B MOMEHT
BpeMeHM j+1 depe3 3HaAUYEHMS B NMPEAbIAYIINE MOMEHTHI BDEMEHU:

2
T
_ 2 ) Yy —
U jr1 =V (—l j (ig1,; = 2u; j+u; g )+ 2u; —u; .

Takas pasHOCTHasl cxema Ha3bIBA€TCs SIBHOM, TaK KaK MCKOMasl BEJINYHU-
Ha MMoJTy4aeTcsi B ssBHOM Bue. OHa ycroitunBa, eciu t1<h/v.
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3agaauM HavdaJabHBIE YCIOBUS: CMENIEHUE CTPYHbI U B HAYAJIBHBIA U TI0-
CJICTYIOIINI MOMEHTHI BPEMEHH OINKMCHIBACTCS CUHYCOUIATbHON (DYHKITUCH:

n =20 J =0.n i:=0. 100
[ .
Ui’o‘fsm n%/ Ui’1 ‘7Ui,0

(CoBnanenue cMmenienuit mpu j=0 1 =1 COOTBETCTBYET HYJEBON Ha-
JaJIbHOM CKOPOCTH. )

3ajaiuM rpaHUYHbIC YCIOBHS: HA KOHILIAX CTPYHBI CMEIICHUE PABHO HY-

IO B JI000# MOMEHT Bpemenu: U i 0 Uigoj =0

bynem nonarats:

a =1 k '=0.02 1. =1..99

jo=l.n-1 1:=0..100

3anuceiBaeM ypaBHEHUE B KOHEUYHBIX PA3HOCTSIX, Pa3pelIeHHOE OTHOCH-
TeNbHO U; .1

U =a’k (U | -2U +U | 42U - U

[Ipencrasmisiem pe3yabTaT Ha Tpaduke.

5.2.2. YpaBHeHusi napadoJiM4ecKOro TUIa
Eme oauH mpuMmep MCHONb30BaHUsI KOHEYHBIX PAa3HOCTEH — ypaBHEHHE
nuddyz3un
ou_ %
or o2
OT0 ypaBHEHHE MapadOJMUecKoro THMa. SIBHas pa3HOCTHAs cxema JJist

9TOI'0 YpaBHCHUA NMCCT B
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T
U 1= Dh—z(um, G 2u U ) (0.10)

y h?
Orta pa3HOCTHas CXeMa YyCTOWYMBA, ECIH rSE. Jlist  KpaTKocTu

B JJaibHEHIIeM Mbl OyneM 0003HavyaThb BECh MHOXHTEINb, CTOSIIMKA mepen
CKOOKOM, Kak [].

3amaem kodddumueHT K = .15 w auana3oH M3MEHEHUs MPOCTPAHCT-
BEHHOU M BPEMEHHOW KOOPIUHAT:

t  =0. 29 x —1.49
3agaeM HayaJabHbIE U TPAHUYHBIC YCIOBUS:

fo « 0 fo 0 0

fo s 0 fo o5 1

YPaBHCHI/Ie B KOHCUYHBIX PAa3HOCTAX UMCET BHU/

ftJfl,X ::ft,xJﬁ K'<ft,xf 1 2.ft,x% ft,x+1>

[IpencraBisiem pe3ynbTaThl Ha Tpaduke (s OOJIbIIEH HATJISAIHOCTU
M300pakeHa TOJIBKO LIEHTpaIbHas YacTh):

x —15 . 35

35
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OCHOBHOE JOCTOMHCTBO SIBHBIX METOJOB — HMX IPOCTOTA — 3a4acTyO
CBOJUTCS HA HET JOCTATOYHO XECTKUMHU OIPAHUYECHUSMU Ha BEJIMUYMHY LIara.
SIBHBIE CXE€MbI OOBIYHO YCTOMYMBBI MPU CTOJb MaJbIX IlIaraXx MO BPEMEHH,
YTO OHHM CTAHOBATCS HEMPUTOJHBIMU JUIS MPAKTUYECKUX PACUYETOB. DTOTO
CYIIECTBEHHOI'0 HEIOCTaTKa IO03BOJIAIOT M30exaTh HesiBHbIE cxeMbl. CBoe
Ha3BaHHWE OHU TOJYYWJIM MOTOMY, YTO 3HAUYEHHUSI UCKOMOW (PYHKIIMH Ha OYe-
pPEIHOM BPEMEHHOM IIare He MOTYT OBITh SIBHO BBIPAXKEHBI Yepe3 3HAYCHHUS
(GyHKUIMM Ha IPEAbIAYILEM LIare.

PaccmoTpum npuMeHeHne HESIBHOM CXEMBI Ha PUMEPE YPABHEHUS TEll-

JIOIIPOBOAHOCTH
ou  0%u
d_n (0.11)
ot Ox?
3anuiiem HCSABHYIO PAa3HOCTHYIO CXCMY IJISA 9TOI'O YpaBHCHMUS:
ul. . 1 —u. . C
,Jt L]
- h_2(ui+1’ T2 T ) : (0.12)

31ech NepBbI MHIEKC COOTBETCTBYET MPOCTPAHCTBEHHOW, a BTOPOM —
BPEMEHHOW KOOpAuHaTe. B oTinunMe OT SIBHOW CXEMBbI, ISl BBIUUCIICHUS
B [IPaBOIl YacTU ypaBHEHUS UCIOJIb3YIOTCS 3HAUCHUS (DYHKIIMU HA TOM XKe

ctT
caMOM BpeMmMeHHOM miare. BBoas o6o3naueHue | =-——, ypaBHeHue (0.12)

7
MOHO IIEPEIIrCaTb B BUAC !
A+2p) u; g =1 (g g+ ) =4 (0.13)
WU B MaTpuuHoi hopme
1+2u  — U, j+1 up,;j+uo
—-u o 1+2p —p Up, j+1 U2,j
: = : ,  (0.14)
20—,y Up-1,
20w ) P

rae u (0, t)=o, u(t, )=p.
3aaeM KOJIMYECTBO Y3JIOB CETKH (B IaHHOM CITydyae OHO OJIMHAKOBO JIJIs
o0enx nepeMeHHnix) n := 30:

i= 0. n j= 0. n
k = 0. n - 1 m :

I
—_
=}

|
—_
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3agaeM 3HAUYCHUS [TapaMETPOB
a = 0 B:=1 pi=35

Y HavYaJIbHOE paclpe/iesieHre TeMIepaTypbl B 00J1acTu

. 1 i
ui’0:= sin TE-; + ;

dopmupyem matpuiibl ypaBaenus (0.14):

Ug,j = un,j::B

Ajj=1+2p Am,m-1:="H Am-1,m=—H

poj =0 Mol = p-a upi=0  uBo:=u-Pp
Haxoaum pemenue cucremsl u (1) = A_l-(u Y + pao + HB)

5.2.3. Pemienue ypaBHenuii Jlamaca u Ilyaccona

. 0%u  02u
Jlns pemienust ypaBuenuit [lyaccona —+——=F(x, y) u Jlamaca
ox2  oy?
(dactHblif ciiyyalt, korna F(x, y)=0)— ypaBHEHUH AJUIMOTUYECKOTO TUIIA —
npeaHazHaueHa Gpyunkuus relax(a, b, ¢, d, e, f, u, rjac), peanusymwomias METO]
penakcaruu. daktuuecku, 3Ty (QYHKIHIO MOKHO HCIIOJIL30BaTh IS pelie-
HUS SJUTUNITUYECKOTO YpaBHEHHUsI OOIIEro BUIa

2 2 2
A6u+2B Ou +Cau+aau+bau+cu=F(x, y);
0 x2 ox0y 0y? 0O0x Oy
D=AC-B?>0,
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KOTOPOC MOKET OBITH CBCACHO K YPAaBHCHHIO B KOHCYHBIX PA3HOCTAX

Ui, j 0y Uiy, j+ ¢ Uy o+ dy gyt e; =iy

B wactHoctn, gns  ypaBHeHusi Ilyaccoma  k0apuImeHTH
ai,j:bi,jzci,j:di,jzlo ei’j:—4.

Nnesa merona penakcanuu 3akiarodaercs B cieayromeMm. Eciu HeT uc-
TouHNKOB (ypaBHeHue Jlaruaca), To 3HaueHHe (YHKIIMUA B JAHHOM y3Ji€ Ha
TeKyleM Iare k+1 omnpenensiercss Kak cpeaHee 3HaUeHUE (QYHKIUU B OJU-
YKaWIIKX y37ax Ha IpeAbIIyIIeM are k

1
k+l = 2y k k k k
Uij = 4(”1'—1, U U U ) (0.15)

HpI/I HaJIMYWMKU UCTOYHHUKOB Pa3HOCTHAA CXEMa UMECT BU

1 h?
el — 2y k k k ko)
U = 4(”i—1,j Fug UL U ) 4 Jij- (0.16)
Mertoa penakcaiiy CXOIUTCs JOCTaTOYHO MEIJICHHO, TaK Kak (haKThde-

CKM OH MCHOJIb3yeT pa3sHOoCTHYI0 cxeMy (0.10) ¢ MakcuMaibHO BO3MOKHBIM
h2
JUTSL IBYMEPHOTO CiTy4asi IIIaromMm I:T.

B Merozne pemakcanuu HeoOXOIMMO 3aJaTh HAdajdbHOE MPUOIMKEHUE,
TO €CTh 3HaUEHHUS (PYHKIIMU BO BCEX y3JlaX 00JAaCTH, a TaK e IPaHUYHBIE yC-
JIOBHUSL.

@ynHkuus relax Bo3BpalaeT KBaApaTHYO MaTpUIly, B KOTOPOIl:

1) pacrionoxeHue 37€eMeHTa B MaTPUIIE COOTBETCTBYET €ro MOJ0KEHHUIO
BHYTPH KBaJI[paTHOU 00J1acTH;

2) 2TO 3HaYCHHUE MPUOIMIKAET PEIICHUE B dTOM TOUKE.

Ota GyHKIUS UCTOIB3YyEeT METOJ pellakcaluu i MPUOIMKEHUs K pe-
HIEHUIO.

Bb1 10/mKHBI UCTIONB30BaTh (PYHKIHIO relax, ecny 3HaeTe 3HAYCHUS HC-
KOMOM (yHKUHHU U(X, ) HAa BCEX YETHIPEX CTOPOHAX KBAJIPATHOU 00JIACTH.

AprymMeHTHI:

a, b, c, d, e — xBagpaTHbIC MaTPHUIIBI OJHOTO U TOTO K€ pa3mepa, CoJiep-
xKanue ko3 hunueHTsl 1uddepeHInaIbLHOTO YPaBHECHHUS;

f — KBagparHas MaTpula, cojep kauas 3Ha4eHUs] MPaBOWd YacTU ypaB-
HEHUS B K&XJI0M TOYKE BHYTPHU KBaJpaTa;

u — KBaJipaTHas MaTpPHUIIA, COJIepKalllasi TPAHUYHbIC 3HAYCHHS (PYHKITUU
Ha Kpasx 00JacTH, a TaKKe HadaJlbHOE MPUOIMKEHUE PEIIeHUs] BO BHYTPEH-
HHMX TOYKaxX 00JIaCTH;

rjac — napameTp, yInpasisSolUid CXOAUMOCTBIO IIPOLECCa PETaKCaLUU.
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On moxeT ObITh B nuana3one ot 0 1o 1, HoO onTUMaabHOE 3HAYEHHE 3aBUCHT
OT JIeTaJieH 3a/1auu:

4 S P
n —2 1:=0.n J =0.n
3agaeM mpaByro 4acTh ypaBHeHuUs [lyaccoHa — 1Ba TOYEYHBIX UCTOYHHKA:
Mi’j::o M6’8::10 MIO,SIZ—IO

3ajaeM 3HaYeHUS apaMeTpoB QyHKIMY relax:

a5 -1 b =a c.—a

d —a f =M e —-4-a
3ajaeM TpaHUYHbBIC YCIOBHUS W HayaJlbHOE MPHUOIMKEHHE — HYJIM BO BCEX
BHYTPEHHHMX TOYKaxX 00JIaCTH
u. . =0 u . =-1 u0.1:172-i
1 s J 1 s n 5.] n

R v =1 -—2.41
i,0 n,] n

Haxonum pemrenne Z —relax (a,b,c,d,e,f,u,095 ) u npen-
CTaBJISICM €TI0 Tpaq)I/ILIeCKI/I B BUJAC ITOBCPXHOCTH U JIMHUN ypOBHeﬁ.
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1 —0.5 0 0.5 1

Ecnu rpaHWYHBIC YCIOBHS paBHBI HYJIO Ha BCEX YETHIPEX CTOPOHAX
KBaJ|paTa, MOKHO HUCIIOJIb30BaTh PyHKIIUIO multigrid

Z = multigrid (M ,3)
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